REPRESENTATIONS OF A COMPLEX POINT BY PAIRS 
OF ORDERED REAL POINTS * 


BY 


W. C. GRAUSTEIN 


1. Introduction. A complex point z in a complex space of nm dimensions, 
since it depends on 2n real parameters, can be represented by a pair of real 
points, XY and Y, of the space. It is reasonable to restrict the choice of X 
and Y by the following conditions: 

A. The points X and Y representing z shall be ordered: XY > Y. 

B. If zis a real point, XY and Y shall coincide in z. 

C. If z is imaginary, XY and Y shall be distinct; if XY — Y represents z, 
Y > X shall represent Z, the point conjugate-imaginary to z. 

D. The coérdinates of XY and Y, referred to a rectangular codrdinate 
system, shall be analytic functions, without singularities in the finite domain, 
of the coérdinates of z and Z, referred to this system. 

E. The representation of z by XY > Y shall be invariant under a chosen 
group of real point transformations; that is, the ordered points X’ > Y’ into 
which the ordered points X — Y are carried by an arbitrary transformation 
of the group shall represent the point z’ into which z is carried by the 
transformation. 

If X > Y is a representation of z which satisfies these conditions, Y —~ X 
is also a representation of z satisfying them. The two representations shall 
be called inverse. 

There are two pairs of inverse representations satisfying the prescribed 
conditions which are well known: those of Laguerre in the plane, whereby z 
is represented by the real points of intersection, taken in the one or the other 
order, of the minimal lines through z and 2; and those of Marie in the plane 
and in space, in which the real points of the representation lie on the line 22, 
have the same midpoint as z and 2Z, and are at a distance apart whose square 
is the negative of the square of the distance 22. The two Marie representa- 
tions are invariant under the group of affine transformations, whereas those of 


Laguerre are unchanged by the direct circular transformations of the plane. 
This paper deals with the determination of all the representations XY — Y 


* Presented to the Society, December 31, 1919. 

t For a review of the literature concerning these representations, see E. Study, Vorlesungen 
tiber ausgewdhlte Gegenstinde der Geometrie, erstes Heft; Ebene analytische Kurven und zu ihnen 
gehérige Abbildungen, Leipzig, 1911; J. L. Coolidge, Geometry in the Complex Domain (in press). 
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of z which satisfy conditions A to D, and are invariant, in compliance with EZ, 
under a given group. In §2 the problem is formulated analytically for an 


arbitrary group. In the subsequent sections, 3-7, it is solved for various 
subgroups of the projective group, for the projective group itself, and for the 
group of direct circular transformations of the plane. Only in the case of the 
projective group are no representations obtained. 

Given a group, G, of direct transformations and the set, 8 , of corresponding 
indirect transformations, it is of importance to determine, among the repre- 
sentations invariant under G, those which are invariant also under S, and 
secondly, those which are inverted, i.e., carried into their inverses, by S. It 
turns out that all the representations invariant under G are invariant also under 
S, except when G is the group of direct circular transformations, or when G 
is either the group of motions or of direct transformations of similarity in the 
plane.* In the latter cases certain representations of the totality invariant 
under G are unchanged by S, whereas certain others are inverted by S (§ 8). 
Moreover, it is only in these same cases that the representations are of excep- 
tional nature in comparison with those obtained for the same group applied in 
a space of different dimensionality. 

2. Analytic formulation of the problem. Let (21, 22, ---,2,), where 

z= ait iy; (2=1,2,---,n), 
be the coérdinates, referred to a rectangular cartesian system of axes, of the 
point z, and let the coérdinates of X and J), referred to the same system, be 
respectively Yo, ---, and (¥1, Yn). 

Since the latter sets of codrdinates are, by condition D, real analytic func- 
tions of 21, 22, °°: +++, Z,, they are also real analytic functions of 
the real variables 71, 2, Y2, Xn» Yn. It is convenient, in light of B, 
to write these functions as follows: 

= Fi yrs 5 Yn)s 
VY; +++, yn) (0 
By C, 

Conditions A to D are thus covered by demanding that X; and Y; be of 
the form 
X;, = Fi (a, yrs Yn), 

Fi (ai, — yi, An» —yn) 


where F;, F2, ---, F, are real functions of the real variables 21, y1, +++, 2%n5 Yns 


which are analytic for all finite sets of values, vanish identically when 


= Yn = 0, 


* In this summary of exceptions, one relatively unimportant case has been omitted. 


1922 | REPRESENTATIONS OF A COMPLEX POINT 


and are furthermore such that the system of equations 


F; (a1, Y1>5 Yn) F; (x1, tn» — Yn ) 


has no real solutions in y1, y2, ***, Yn except the solution 0, 0, --- 


Let the equations 
(2) a; = T; (21, 225 °** 5 Zn) 
represent an arbitrary group of real point transformations. In order that 
the representation Y — Y of the point z be invariant under this group, it 1s 
necessary and sufficient that 


(a) + Fi (2, Yr) 
=7;(m+Fi(n, Yr» °°*s Uns Yn)s °**s 
(3) tn + Fy (21, 915 Yn))s 
(b) + Fi (ai, — yi, — Yn) 
= (2, + Fi (21, — 91s — Yads 
tn + Fn — Yrs Any —Ym)) 
Thus our problem, finally formulated, consists in solving the system of 
functional equations (3) for the functions ---, subject to the 
conditions stated under (1). 
If the transformations (2) are linear, as will frequently be the case, 


(1 =1,2,---,n), 


where 7? is 7; minus its absolute term. Changing the signs of y1, yo, --*, Yn 
. , 

then changes the signs of y}, y2, ---, yx. Consequently, the two systems of 

equations in (3) are, in this case, each equivalent to the single system 


F; (21, » Lar Ya) (F; (X15, 


4 
4) cos, * » (1 =1,2,---,n). 


3. Representations invariant under the group of translations. Inasmuch as 
the group of real translations is a subgroup of each of the other groups under 
which the invariance of representations is to be considered, it is advantageous 
to deal with it first. Equations (4) then become 


FP; (21 + G1, Yn) = Fy (415 915 Yn) 
(¢ = 1,2,-+-,n). 


Since a,, a2, ***, @, the parameters of the translation, are arbitrary, the 
system is satisfied if and only if F,, F2, ---, F, are functions of y1, yo, +++, Yn 
alone. 

The representations X — Y of z invariant under the group of real translations 
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are given by 


(a 1,2, 
where Fy, Fo, «++, Fn are arbitrary real analytic functions which vanish for 
Yi = Yo = +++ = Yn = 0 and are such that the system of equations 


Fi (yi, Yn) = Fil — — yn) = 1,2, n) 
has no real solutions other than 0,0, «++, 0. 


In the case of a group of linear transformations containing the group of 
translations, (4) can now be replaced by the system of equations 
(5) F; (y1, Yn) (Fy (mn, Yn) > 
in which 21, %2, Xn, %1, %2, no longer appear. 
4. The group of homothetic transformations. ‘The representation XY — Y is 
invariant under the group of real homothetic transformations 
‘ 
= pz + p #0 (1 =1,2,--+,n), 
if and only if the system (5), formed for this group, namely 
F; (pi, » PYn ) pF; (m1; Y2; Yn) (2 


is satisfied. But then, regardless of whether p is unrestricted or takes on only 
positive values, F,;, Fo, ---, F, must be linear and homogeneous in 

The representations X — Y of z invariant under the group of either direct or 
general homothetic transformations are 


n n 

j=l j=1 

where the k;; are real constants subject only to the restriction that the n-rowed 


determinant |k;;| does not vanish. 


* The equations (5) are also necessary and sufficient conditions that the real analytic point 
transformation 
(a) Ue = Filyr, yoy Yn) (¢ = 1,2, -+-,n) 
be commutative with each transformation of the group of real linear transformations 


(b) = TS (yi, Yn) (7 =1,2, -++,n) 


leaving the origin invariant. Accordingly, as we solve (5) in the subsequent paragraphs for 
various groups (b), we determine at the same time, for each particular group (6), the group of 
transformations (a), each of which is commutative with every transformation (b). Thus we 
find, for example, in § 6, that the group of transformations commutative with the group of 
motions about the origin in the plane is 


= yi Ri(r®?) + y2Re(r?), = — yr Ra(r?) +2 Ri(r*), 


where r? = y3 + yj and R,, R: are analytic functions of r?, not both zero. 
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The condition |k;;|# 0 is necessary and sufficient, not merely that Y and Y 
coincide only when z is real, but also that the 2n equations II can be solved 
uniquely for 21, %2, Y1, Y2, ***, Yn and hence the codrdinates of z 
found in terms of those of X and Y. In other words, the correspondence 
between the ordered point pairs XY > Y and the points z under a representation 
II is one-to-one without exception in the finite domain. 

5. The affine and projective groups. In order that the representation II 
be invariant under the n transformations 


where in each transformation 7 takes on all the integral values from 1 to n 
except the fixed value q, it is necessary that kj; = 0,71 #7. If the resulting 
representation is to be unchanged by each of the transformations 

where in each transformation q and r are fixed and 7 takes on the remaining 
values from 1 to n, it follows that ky = ke = +--+ = kn,. A necessary 
condition, therefore, that II be invariant under the affine group is that k;; = 0, 
i ~j,andk;; = kforalli. That this condition is also sufficient can be easily 
verified. 

If, instead of all real affine transformations, merely those for which the 
determinant of the coefficients is positive had been admitted, the result would 
have been the same. 

The representations X — Y of z invariant under the group of either direct or 
general affine transformations are 
Ill Y;=2,—ky, (1=1,2,---,n), 
where k: is an arbitrary constant, ¥ 0. 

The two inverse representations for which k = + 1 are the representations 
of Marie. 

If III is to be invariant under the projective group, it must be unchanged by 
the transformation 


But then the first of the equations (3) necessitates that k? = — 1. 

There is no representation X — Y of z which is invariant under the projective 
group. 

6. The group of motions. The treatment in this case varies with the dimen- 
sionality of the space. 

A.n=1. The group of motions is the group of translations. According 
to I, the invariant representations are 


IVA =a +yP(y1), 


= 
«1 #1 


250 W. C. GRAUSTEIN [ December 


where ® (y;) is a real analytic function and the equation ®(y,) = — ®( — y,) 
is satisfied by no real value of y, except perhaps y, = 0. 
B. n = 2. The representation must be of the form 
(6) Fi (ys, yz), — y) 
and be invariant under the transformations 
zi = cos $21 — sing@z +a, = sin + cos 2 + ae. 
That is, (m1, y2) must be solutions of the system of equations, 
obtained from (5), 
(7) (yi, = cos (ys, yr) — sind Fe ye), 
(yi, yz) = sind Fi + cos Fe (y1, 
where 
yi = cos — Sin Yo, yo = sing Yi + COS Yo. 
For @ = 7, equations (7) become the conditions that F; , F, be odd functions 
of y1, yz. Consequently, if F; is written in the form 


Fi (yrs 2) + Pi — ye) Pi (yr, yo) + Pi (— 1, yz) 


9 


F; y2) 


(c= 1,2), 
the first quotient on the right is even in ye, odd in y; and hence identically 
zero for y; = 0, whereas the second is even in y;, odd in y and so identically 
zero for y2 = 0. Accordingly, 

(8) Fi (yi, ye) =m Fi (yr, yo) + yo Fi (m1, yr) 


where each of the functions F;, F, F2, F2 is analytic and is even in y;, in 


y2, and hence in y1, ye. 
In the equations obtained from (7) by substituting for F; and Fy, their 


values as given by (8), replace @ by — ¢, y%1 by — y1, and combine by addition 
and subtraction each of the resulting equations with that from which it arose. 
The system obtained is 

Fi (yi, y2) = y cos Fi (m1, — yo sin F2(y1, yz), 

y2 F2 (yi, y2) = yr sin Fi (y1, + y2 cos F2(y1, ye), 

yi Fs (yi, y2) = yr cos  F2 yr) + sind Fi (ys, 

y2 Fi (yi, y2) = — yr sin d F2 (yi, + y2 cos 


(9) 


These equations reduce, for ¢ = 7/2, to 


(10) Fi (m1, y2) = — F2(y1, = Fi (ye, 


When the values for 3 and F3 given by (10) are substituted in (9) and ye is 
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set equal to zero, the four resulting equations yield immediately the identities 


Fi cos sind) = Fi (yi: sing, cos 
Fi cos $, yi sing) = Fi (y sin cos 
in the independent variables and ¢. Consequently, Fi (yi, ye) and 
Fi (m1, ye) are symmetric functions of y;, yz, and (10) becomes 
(11) F2 (y15 Y2) — Fi (m1, y2), F2 = Fi ye). 
But the system (9) then reduces to 
Fi(yi,y2) =Film,y2), Filyi,y2) = Fr (ym, 
That is, F; and F{ are absolute invariants of the group of rotations about the 
origin, and hence must be of the form 
(12) Fi = Ri (1), Fi = R2 (1), 
where 
r= yi + yp. 
The necessary conditions (8), (11), (12) that Fi(m, yo), Fe (my, ye) be 


solutions of (7) are shown sufficient by direct substitution. 
The representations X — Y of z invariant under the group of motions in the 
plane are 


Yi =a Ril’) — (1), 
Xo = — Re (7?) Yo Re (2?) — ye Ry 


IVB 


where r? = yj + yz, and R,, R» are real functions of r?, analytic for all finite 
values and not vanishing simultaneously except perhaps when r? = 0. 
C.n=3. Incase n = 3, the functions F,, F2, F3 in the representation 
AX; = a+ Filly, ye, ys); Y;=a,+ Fi(—m, — — ys) 
(13) 
(«= 1,2,3) 


are to be determined from the system of equations 


3 
(14) F; (yi, y2, = a5 Fj (m1, yrs Ys) (¢=1,2,3), 
j=1 


where 


3 
Yi = (2 


j=1 
and the determinant |a;;| is orthogonal and has the value + 1. 
In case of an arbitrary rotation about the axis of 23, y3 = y3 and y;, ys are 
transformed as for n = 2. The last equation of (14) reduces to 
F; (yi, ys) = Fs (yi, ye, ys) 


and the first two to the equations (7), with the variable y3 added in each 
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function. Consequently, 
Fy = F3 (yi + 93, ys) + yo Fs (yi + ys); 
(15) = — yi Fs (yi + y2, ys) + yo Fs (yi + ys), 
F; = (yi + y2, ys)- 

Corresponding respectively to the rotations about the axes of z; and 2, 
there are two other sets of equations like (15) and obtainable from (15) by 
permuting the subscripts 1, 2, 3 cyclicly. From the three sets of equations 
it follows that Fj = F = Fz = 0; for example, since F; = Fj"’ (y3 + y3, m1), 
F; is an even function of y2, whence, by the first equation of (15), F3 = 0. 
Therefore 


= Fi (yityi,ys) (yi t yj, ye), 
where i, 7, k are to be permuted cyclicly through the values 1, 2,3. Thus 


Fi = = F; = R(?r), where P=yityit yi, 


and (13) becomes 
(=1,2,3). 


Substitution shows that the functions F; in this representation satisfy (14). 

This result for nm = 3 can be generalized by mathematical induction to 
hold for the case n > 3. 

The representations X — Y of z invariant under the group of motions in n- 
dimensional space, where n = 3, are 
IVC X,;=a,+y ((=1,2,-+-,n), 
where 

and R (r*) is a real function analytic for all finite values and not zero except perhaps 
when r? = 0. 

For the group of motions and reflections the result incorporated in IVC holds 
for all values of n. 'To establish the truth of this statement for n = 3, it is 
sufficient to show that the representation IVC is invariant under a reflection 
in one of the coédrdinate hyperplanes. If nm = 2, the representation must be 
of the form IVB and be invariant under 2; = 21, 22 = — 22; then R, (r?) = 
and conversely. Finally, IVA is invariant under z; = — 2 if and only if 
®(y;) is an even function of y:, i.e., is of the form R (yj). 

7. The group of direct transformations of similarity. Necessary and suffi- 
cient that the representation XY — Y be unchanged by the direct transforma- 
tions of similarity in the cases n = 1, n = 2, n = 3 is the requirement that 
IVA, IVB, IVC be respectively invariant under an arbitrary stretching from 
the origin of positive ratio. According to § 4, the arbitrary functions involved 
in the representations IV are, then, all constants, and conversely. 


1922] REPRESENTATIONS OF A COMPLEX POINT 253 


The representations X — Y of z invariant under the group of direct transforma- 
tions of similarity are 
if n 
+ lye, = a1 — ky — lye, 
— ly, + Y, = + ly: — 
M+Ps0, 
kxt0, ¢21,2,---,2, ff 
Except in the plane, these representations are identical with the representa- 
tions III invariant under the affine group. 


For the group of direct and indirect transformations of similarity the representa- 
tions are for all n given by VC and are identical with those peculiar to the affine 


group. 

The two inverse representations VB, for which k = 0 and/ = + 1, namely 
= a+ = 27 F Y2; 
Xo = %2 Fy, 


VI 


are the representations of Laguerre. From their geometrical definition (§ 1), 
it is evident that these representations are invariant under the direct circular 
transformations. It can be shown that they are the only representations with 
this property. 

8. Representations inverted by a set of transformations. Given a group, 
G, of direct transformations of a certain type and the set, S, of indirect 
transformations of the same type, to determine, among the representations 
invariant under G, those which, though not invariant under S, are merely 
inverted by the transformations of S. 

It is geometrically evident that a Laguerre representation is inverted by an 
indirect circular transformation. Of the groups G@ other than the circular 
group, every one under which invariant representations exist is linear and 
contains the group of translations. Hence the representation must be of the 
form I. In order that it be inverted by a linear transformation (2), it is 
necessary and sufficient that the functions F; satisfy the system of equations 


F;(— yt, — — Yn) 
(16) = (Fi (yrs Ynds Fn (yrs Yas 
(i= *** 58), 


In §§ 4-7 it has been shown that, when G is any one of the following groups 
of direct transformations: homothetic group, affine group, group of motions 
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(n = 3), similarity group (n # 2), all the representations invariant under 
G are also invariant under S._ It is true also that no one of the representations 
IVA, invariant under the group of motions for n = 1, is inverted by any 
transformation of S, as can readily be proved by applying (16) with 2} = — 2 
as the transformation used; but in this case, not all the representations are 
invariant under S (§ 6). 

If @ is the group of motions (or of direct transformations of similarity) in 
the plane, the functions F; to be used in (16) are as in [VB (or VB). It is 
sufficient to choose as the transformation a reflection in a coérdinate axis. 
Then equations (16) reduce to R; = 0 (ork = 0). 

Of the representations IVB invariant under the group of motions in the plane, 
only those for which R, = 0 are invariant under reflections, whereas only those 
for which R, = 0 are inverted by every reflection. 

Of the representations VB invariant under the direct transformations of 


similarity, only those for which | = 0 are invariant under the indirect trans- 
formations of similarity, whereas only those for which k = 0 are inverted by every 


such transformation. 


Harvarp UNIVERsITY, 
CamBriIDGE, Mass 


NON-LOXODROMIC SUBSTITUTIONS AND GROUPS 
IN N DIMENSIONS * 
EDWARD B. VAN VLECK 
Linear substitutions 
(1) +d 


are commonly divided into two classes, loxodromic and non-loxodromic, and 
the non-loxodromic substitutions are further classified as elliptic, parabolic, 
and hyperbolic. So far as I am aware, no corresponding classification of 
projective substitutions in n — 1 nonhomogeneous or n homogeneous variables 
has been suggested.¢ The classification which is introduced below is based 
upon the formulation of a projective substitution under the shape of a homo- 
geneous substitution with determinant +1. If the substitution (1) is 
written in homogeneous form 


x, = ax, + bao, = + dre 
with unit determinant, the substitution is non-loxodromic when, and only 
when, a + d is real; that is, when the characteristic equation 


b 


c 


is a real equation. The substitution is then hyperbolic, parabolic, or elliptic f 
according as the two roots of this equation are real and distinct, coincident, or 
imaginary. Correspondingly, the projective substitutions are taken ez- 
clusively in this paper in homogeneous form, 


= 441, Xe + eee -}- Ain Ln 


tn = An1 + Anz + + Ann Xn 


* Presented to the Society, March 25, 1921. 

t Fubini in his Introduzione alla Teoria dei Gruppi discontinui e delle Funzioni automorfe, 
pp. 77-8, has applied the above terms to those substitutions which are movements of 

a2 + + a3 +--+ +22_,) =1 (e= +1), 

into itself. His aims and distinctions are very different from those of this paper. 

t An application of the terms elliptic and hyperbolic differing slightly from the above usage 
of Klein is also to be found in the literature. Cf. Veblen’s Projective Geometry, vol. 2, pp. 5 
171, 248. 
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with determinant A equal to +1. I call a substitution non-loxodromic, if, when 
so written, it possesses a real characteristic equation, 


(3) = 0. 
Ani Ane Ann — 


The characteristic roots are accordingly real or pairs of conjugate imaginaries. 

It is well known that there are just two classes of groups (1) in a single 
variable which consist of non-loxodromic substitutions without a common 
pole. Either all the substitutions of the group leave invariant a circle in the 
complex z-plane and the group is called a “group with a principal circle” 
(Hauptkreis Gruppe), or the group consists entirely of elliptic substitutions. 
In the former case the group can be so transformed that the circle becomes the 
real axis. We have then a canonical form for the group in which its substitu- 
tions have real coefficients and unit-determinant, and, conversely, any group 
of this character is non-loxodromic. A second canonical form is 


(a+ bi)ex+(e+di) 


(ec — di)x + (a — bi) (7? +P 


(3’) 
which leaves the unit circle invariant. The second class of non-loxodromic 
groups—the elliptic groups—can be put into a canonical form in which the 
substitutions are all of form 


(a+ bi)a+(e+d) 


= 24 2 
— (ec —di)x + (a — bi) 


(4) 
and the group can be interpreted as a group of rotations of a sphere into itself. 

When the number of homogeneous variables is greater than 2, there are, 
of course, more varieties of non-loxodromic substitutions.to be distinguished 
than the familiar hyperbolic, elliptic and parabolic types, and it was perhaps 
scarcely to be expected that the result summarized in the preceding paragraph 
would have its exact analogue. Nevertheless an exactly similar result is 
obtained. There are still just two types of non-loxodromic groups. A 
limitation upon this statement (perhaps unnecessary) is introduced by the 
proof which requires that the non-loxodromic group should contain at least 
one substitution having a characteristic equation with n distinct roots. Corre- 
sponding to the hypothesis of the preceding paragraph that the substitutions 
(1) should not have a common pole, we have now the requirement that our 
non-loxodromic group of substitutions (2) in nm homogeneous variables should 
not leave invariant a linear space of less than n — 1 (complex) dimensions; in 
otter words, should not transform into itself a hyperplane nor a space common 
to two or more hyperplanes in our projective space S,_;. 
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One normal form obtained for the first class of non-loxodromic groups is that 
in which all substitutions (2) of the group have real coefficients and a deter- 
minant equal to +1. In this normal form the group obviously leaves in- 
variant the real space embedded in the complex space S,_; of the n homo- 
geneous complex coérdinates which is of 2n — 2 real dimensions. Any pro- 
jective (m — 1 )-dimensional image of this real space within the complex space 
has been called a “chain” (von Staudt, Pieri), and every non-loxodromic group 
of our first class accordingly leaves some chain invariant. If n — 1 is even, 
all projective substitutions which leave a chain invariant form a non- 
loxodromic group of the first class. When n — 1 is odd, this is not the case. 
The most inclusive non-loxodromic group which leaves the chain invariant is 
then a subgroup of the set of all substitutions (2) which leave the chain 
invariant.* 

The second class of non-loxodromic groups is novel and interesting. It 
occurs only when n is an even number 2m. Any group of this class can be so 
transformed that all its substitutions have simultaneously the canonical form 


= 121 + 2 
+ +++ + Lom—1 + A2i-1, 2m Zam); 


(5) 


= ( — 221 + 1X2) 
+ + ( Goi-1, 2m T2m—1 + Go 2m—1 Xam) 
(cm 1,---,m), 


where @;; denotes the conjugate of a;;.. Thus the determinant of the sub- 

stitution consists of m? blocks of form 

(6) (odd 2 and 7), 
— Gi, j41 Gis 

similar to the block of coefficients of (4). It is shown that when a determinant 

has this structure, it is necessarily positive or zero. 

For any (non-singular) substitution of the second class the elementary 
divisors of (3) occur only in conjugate pairs (A — A;)*, (A — ;)* of equal 
degree, this statement applying as well for real roots \; which furnish pairs of 
equal elementary divisors. Conversely, a non-singular substitution which 
fulfills this requirement is one of the second class and may be transformed into 
the normal form (5). Such substitutions will be called elliptic (restrictedly 
elliptic, when the characteristic roots are m distinct pairs of conjugate imag- 


* J. W. Young in these Transactions, vol. 11 (1910), p. 280, investigates the neces- 
sary and sufficient condition that a collineation (n = 3) shall leave a two-dimensional chain 
invariant. 

{ This result has been known for the special case in which all the elements of the deter- 
minant are real. Cf. Kowalewski, Hinfiihrung in die Determinantentheorie, pp. 156-158. 
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inaries). The characteristic property of an elliptic substitution in its normal 
form (5) is that it converts any pair of points 


P °**; Lam—15 Zen); Q = (- Zo, Lom» Fom—1 ) 


into another pair of points whose coérdinates are similarly related, any sub- 
stitution having this property being necessarily of form (5). The invariant 
points of any substitution (5) occur in such pairs; in particular, the 2m in- 
variant points of a restrictedly elliptic substitution, taken in normal form, 
consist of m distinct pairs. 

It will be noticed that in (5) the 2m equations of the substitution are associ- 
ated in pairs. In its normal form the most general group of the second or 
elliptic type comprises all non-singular elliptic substitutions (5) with the same 
pairing of the coérdinates. 


1. DERIVATION OF TWO STANDARD FORMS FOR NON-LOXODROMIC GROUPS 


As remarked in the introduction, we will suppose our projective substitutions 
to be written throughout in homogeneous form (2) with determinant 
G2 *** 
*** 
equal to + 1. Obviously the necessary and sufficient condition that a sub- 
stitution (2) should be non-loxodromic by the above definition is that the sum 
of all the principal minors of each order r = n should be real. 
When the roots of the characteristic equation (3) are all distinct, the sub- 
stitution can be transformed through an appropriate substitution 7’ into the 
‘anonical form 


(8) vi (i=1,--+,n) (S;). 


We will treat only groups of non-loxodromic substitutions which contain at 
least one such substitution S,, and we will suppose that the group has been 
so transformed that S; has the form (8). Further, it will be assumed that the 
subscripts 7 have been so assigned in (8) that fori = 1, 2, ---, 2m =n the 
A; are successively m pairs of conjugate imaginaries, while the remaining \; 
are real. 

Consider now any non-loxodromic substitution S, given by (2), which com- 
bines with S; so as to generate a non-loxodromic group. The sum of principal 
minors 43; + doo + +++ + nn is real, likewise the corresponding sum 


rk k k — 
Ai + Ag doe + Ann = 


for SS}. Denoting these real sums by and taking k = 0,1, ---,n—1, 
we have a system of n equations linear in the a;;._ The determinant of the 
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system is the product II (A; — A;) which cannot vanish in consequence of our 
hypothesis of the distinctness of the roots of S,;. There is therefore a unique 
solution for the a;; in terms of the \;, r;.. The first 2m coefficients \* in each 
equation are successively pairs of conjugate imaginaries while the remaining 
ones are real. If, therefore, we exchange each of the first m odd terms on the 
left side of each equation with the following even term, we have a system of 
equations which is the conjugate of the preceding system, a;; and @j41, i41 
being interchanged for odd i < 2m. Consequently a;; and a;4:, i441 are con- 
jugate imaginaries for odd values of i < 2m, while the a;; are real for i > 2m. 
Consider next the combination of (2) with any substitution 


(9) = bi a1 + Dig + +++ + bin an (S’) 
of the same non-loxodromic group. The product S’S is a substitution 
Barat Bint, (i=1,°++,n), 
in which 
(10) Bi; = ay; + Ding + +++ + Din 


Suppose first m=1. Then By, Boo are conjugate imaginaries, and the same 


is true of the corresponding coefficients 


BY 


k k 
bi ay, + As Dis Din 5 


(11) 


in S’S{S. Takek = 0,1,---,n—1. We have then in (11) two systems of 
equations linear in the b;; ai and be; aj respectively with a common deter- 
minant II (A; — A;) not zero. In the two systems corresponding coefficients 
dt are the same, the first m pairs being conjugate imaginaries and the 
remaining ones real, while the corresponding left members are conjugate 
imaginaries. We may therefore regard the two systems of equations as con- 
jugate imaginary systems in which the ai and correspond to one 
another for 2 > 2m, while for odd i < 2m they correspond respectively to 
be, i41 Giza, 2 and by, 441 respectively. The solution of the two systems 
therefore gives 


(12) bi; an = bo, i+1 G41, 2 (odd i < 2m), 
(13) be; Ais = by, i+1 1 (odd 2m), 
(14) bi; aa = be; (4 2m). 


We will now make the Fundamental Hypothesis that for each value of 
2 =n there is in the non-loxodromic group at least one substitution (2) for 
which a;; is not zero and also one for which a, is not, leaving for later con- 
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sideration the geometrical significance of this hypothesis. Choose then two 
substitutions S, S’ for which be; a2 ~ 0. Then by (13) bie and ae; are not 
zero. Taking next S’ identical with S, we see by (13) that ay. a2: is its own 
conjugate and hence is real. A very different outcome is obtained according 
as we suppose that this product is positive or negative. The two corresponding 
cases we will refer to as case 1 and case 2 respectively. 

To normalize the groups in these two cases it will suffice to make a simple 
change of variable 
(15) Li = Pi Yi, = pi yi (¢=1, n) 
with a proper determination of the p;, restoring for convenience the letter x 
in place of y after the transformation. This change does not affect our 
canonical substitution S, nor the values of the a;; in S , while the new value of a;; 
differs from the old value by the factor p;/p;. Also the values of the principal 
minors of (7) and the characteristic equation (3) remain unaltered. We will 
so choose p;, p2 that in the substitution S of the preceding paragraph, for which 
Ayo Ao, ¥ 0, we will have ay = ds; in case 1 and ay = — Gs; in case 2. It 
follows then from (13) that we have simultaneously 6). = bo; in case 1, 
by. = — bo; in case 2 for every substitution S’ of the group. 

Next take any odd value of i between 1 and 2m and choose two substitutions 
S, S’ for which b;; a, is not zero. Then in consequence of (12) ai41, 2 and 
be, i441 are not zero. By properly choosing pii:/p; we may make a, and 
ais1, 2 in S the conjugates of one another. If then S’ denotes any substitution 
whatsoever in the group (including S itself), it follows from (12) that for all 
substitutions S’ we have simultaneously b;; = be, 4, for oddi < 2m. Taking 
an S’ for which b;; # 0, we see again from (12) that for every substitution S 
of the group we have aj; = Gj41, 2 for odd 7 < 2m. 


Y 
A 


Consider next the two coefficients in S’S*S 
BY2 = bir aig + + + An Din 
BR = ber air + AF dor + + Don 
These are conjugate imaginaries in case 1 and negative conjugates in case 2. 
If we set k = 0,1, ---, m — 1, we have two systems of equations linear in 
bj; a and bj;a respectively. Reasoning in exactly the same manner as 
above for equations (11), we obtain the following relations between any two 
substitutions of our group: 


= bp i+ ase 1 
(16) bi din = be, Ha 8 (case 1) (odd 1 < 2m) 
big dig = — be, i41 Gigi, 1 (case 2) 
(17) bei din = ba, Gis (case 1) (odd i < 2m) 
bo; = — by, 2 (case 2) 
(18) bi; Vin (case ) (i > 2m) 


bi; aie = =< bo; Gin (case 2) 
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For odd i < 2m our normalization has already made aj = G11, 2, 
bi; = be. 41. If, therefore, we select for (17) a substitution S in which the 
former pair is not zero and for (16) a substitution S’ in which the latter pair 
is not, we get from these equations b.; = by. i412, Qe = Gis, 1 in case 1, and 
bo; = — Di, = — in case 2. These results apply to any sub- 
stitutions S’, S in our group. Lastly, if we take a pair of substitutions with 
bi; 4, # O and divide (18) by (14), we get 
(19) (i > 2m, case 1), 

ay Giz 
while in case 2 these two ratios must be the negative of each other. But the 
latter is impossible, since a quantity cannot equal the negative of the conjugate 
of its reciprocal. We thus reach the important conclusion that case 2 is possible 
only when i = 2m. 

In case 1 equation (19) makes |a;| =!aj2|. We have not yet disposed of 
p; for i > 2m, and we will now so take it that the arguments of aj; and aj 
in the particular S under consideration shall be the negative of each other. 
Then we have @; = aj, whence it follows by (18) that in case 1 we have 
bo; = by; (i > 2m) for every substitution S' in the group. By taking next an 
S’ with b;; ¥ 0, it follows again from (18) that for every substitution S in the 
group we have aj. = dj (i > 2m) in case 1. 

We have thus completely determined the character of the first two rows and 
columns of the coefficients (7) of every substitution in our non-loxodromic 
group. The character of the remaining rows and columns may now be rapidly 
fixed as follows. We know that for odd 7 < 2m the coefficients 


BY) = Ni bir aaj + + + Din 


(20) 
BY, ja = Mi der ai, + dee ae, + Don Qn, 
in S’S'S are conjugate imaginary in both cases 1 and 2. Putting k = 0,1, 
-,n — 1, we have two systems of equations for the n quantities b,; a;; and 
bo; = 1, +++, m) respectively. Since are conjugate imag- 
inaries for odd i < 2m and X; is real for i > 2m, it follows in the same manner 
as before that we have the following pairs of conjugate imaginaries: 
(odd j < 2m and odd i < 2m) 
bo; aj, and by, Gigs, 
bi, a;; and bo; (odd 7 < 2m andi > 2m). 


Now for odd i < 2m we had already bi; = be, 41 in both cases 1 and 2, 
bi, 41 = bo; in case 1 and by, 41 = — be: in case 2; while for i > 2m we had 
bi; = be; in case 1. Since also by our Fundamental Hypothesis we could select 
S’ so that a prescribed one of these quantities: should not be zero, it follows 


that for every substitution S of our group we have the relations: 
Trans. Am. Math. Soc. 18. 


| 


E. B. VAN VLECK [ December 


Case 1. 
= Qj4+1, j+1 
(odd j < 2m; odd i < 2m) 
= j 


= Aj, j41 (odd 7 < 2m; odd i > 2m) 
Case 2. 


Gij = Ginn, 


(odd 7 and 7) 


The character of the coefficients has just been completely fixed for case 2 
and for the first 2m columns of (7) in case 1. In case 2 the determinant (7) 
consists of m? blocks of form (6), as stated in the introduction. 

It remains only to fix in case 1 the law of the coefficients subsequent to the 
2mth column of (7). Now it has already been found that BY) and B$ are 
conjugates for 7 > 2m, and their values will be given by (20) if the subscript 
j +1 in the second equation is replaced throughout by j7. Taking then 
ik =0,1, +--+,” —1 in the two equations of (20) and arguing in the same 
manner as before, we obtain for odd 7 < 2m the conjugate imaginary pairs 
by; a;; and be, 5, aij and by, 444 ;, while for i > 2m we have as 
conjugates b;;a;; and bo;a;;. For the given odd 7 < m a substitution S’ 
can be employed for which the conjugate elements be, or bei, 
are not zero, and for i > 2m a substitution for which the conjugates },;, be; 
are not. Hence, in every substitution S of our group, a;; and aj41, ; are 


conjugates for odd i < 2m, 7 > 2m, while for 1 > 2m, j > 2m every aj; is 


self-conjugate and consequently real. 

The completed result which has thus been reached in case 1 may now be 
summed up as follows. On the assumption that S; possesses distinct charac- 
teristic roots \; and at least one pair of roots which are conjugate imaginaries, 
a normal form for a non-loxodromic group satisfying our Fundamental Hypoth- 
esis has been obtained in which every substitution has the following structure. 
Its determinant (7) consists of four sections. The minor common to the first 
2m rows and columns is made up of m? blocks of form 


ai, | 
and the minor common to the last n — 2m rows and columns contains only 
real elements. For i < 2m, j > 2m the elements occur in conjugate pairs 
Qi;, (odd 7), and for i > 2m, 7 < 2m in conjugate pairs ai, 
(odd 7). This normal form corresponds to the form (3’) given in the intro- 
duction form = 1. The simple change of variable 

(21) = + LY2i, = Yri-1— (2 < m), 
Li = Yi (i > 2m) 


262 
a i, j+1 
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throws the group at once into a second and simpler normal form in which the 
coefficients are all real. 

When m = 0, the above derivation of the group fails, but the real normal 
form just indicated is still valid and can be rapidly derived as follows. By 
hypothesis, all the characteristic roots \; of S; are now real as well as distinct, 
and accordingly in every substitution (2) of the group all the a;; are real. 
Since the left members of the system obtained by putting k = 0,1,---,n — 1 
in the first equation of (11) are real, all the ;; a,, resulting from the solution 
of the system must be real. Further, by our Fundamental Hypothesis, for 
each value of 7 there is some S’ for which b,; is not zero, and in this particular 
S’ by a change of variable (15) with the proper value of p;/p1 we may make 
bi; (#1) real. It follows then that in every substitution S of the group 
ai, is real. By choosing next an S having aia ¥ 0, it follows again from the 
reality of b,; a: that every substitution S’ of the group has a real b;;. In 
this wise all the elements of the first row and column of (7) may be made 
simultaneously real for all substitutions of the group. Turning next to the 
system of equations obtained by putting k = 0, 1, ---, m — 1 in the first 
equation of (20), we argue in the same manner that every };; a;; is real and 
hence every a;;._ Thus by the simple change of variable (15) we can throw 
the group into a normal form in which all of its substitutions are real. 

We turn now to consider the significance of our Fundamental Hypothesis 
that for each value of 7 there is some substitution of the group for which 
a,;;% 0. Make for a moment the contrary hypothesis and suppose that 
for some fixed j we have a;; = 0 in every substitution of the group.* Then in 
(20) we have Bi) = 0 for this value of 7. Taking k = 0,1,---,n—1, 
we have a homogeneous system of equations giving b,;a;; = 0(¢ = 1,---,n) 
for any two substitutions S, S’ of the group. Hence for any value of 7 we 
must have either b;; = 0 for every substitution S’ of the group or a;; = 0 
for every substitution S of the group. Suppose now that there are exactly 
r values of j for which aj; is zero in every substitution of the group. Then for 
each of these r values of j and for any other value of 2 not one of these r values 
we must have a;; = 0 in every substitution of the group. There will be no 
loss of generality if we assume that in the last r columns of (7) and in no others 
we have a;; = 0, since this can be attained f by merely assigning the subscripts 
properly to our n variables x;._ Then all the elements of (7) common to these 
columns and to the first n — r rows will be zero. Consequently the first 
n — r equations of (2) contain only the variables x,, «++, 2,-,. This reveals 
that the space of r — 1 (complex) dimensions (or a point, if r = 1) obtained 

*If some of the a;, are zero for every substitution of the group, a parallel reasoning applies 
with like result. 


t Unless a,;, =0 for every substitution, when we use the first and the last r— 1 columns 
in place of the last r columns. 


| 
| 
i 
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by putting these codrdinates equal to zero is carried over into itself by all 
substitutions of the group. Conversely, it is evident that if this is the case, 
the elements of (7) common to the last r columns and the first n — r rows 
must be zero for all substitutions of the group. The significance of our 
Fundamental Hypothesis is therefore to forbid that all substitutions of the 
group should have such an invariant space when 8S, is taken in form (8). 

The hyperplanes 2; = 0 are the only invariant hyperplanes of S; since the 
multipliers \; in (8) are by hypothesis all distinct. The linear spaces common 
to n — r of these invariant hyperplanes are also invariant under S;, and it 
is readily seen that they are the only spaces of r — 1 dimensions invariant 
under S; which are common to n — r hyperplanes. For consider an invariant 
space which is defined by linearly independent hyperplanes 


n 
= 2; = 0 
j=l 
If we take these planes as our coérdinate planes along with r other independent 
hyperplanes, then S; in terms of the new u-coérdinates will be specified by n 
equations of form (2) with the w; in place of the x;. In the corresponding 
determinant (7) the elements common to the last r columns and the first 
n — r rows must be zero since the space common to the hyperplanes u; = 0 


(i=1, «++, n—r) is invariant. Accordingly there will be then n —r 
linearly independent combinations of 7, +--+, Ur corresponding to n — r 


characteristic roots \;, and these, except for constant factors, must be identical 
with » — r coérdinates x; which figure in (8). Hence the invariant space 
common to the hyperplanes u; = 0 (i = 1, ---, m — r) can also be specified 
by putting n — r coérdinates x; equal to zero. We thus see that our Funda- 
mental Hypothesis is identical with the requirement that the substitutions of our 
group should not admit a common invariant hyperplane nor an invariant space 
common to two or more hyperplanes. This requirement is, of course, unaltered 
when S, with the group is transformed out of its normal form. It corresponds 
to the condition mentioned in the introduction, that a non-loxodromic group 
of substitutions (1) should not have a common pole. 

Up to the present point the development has involved only the reality of 
the characteristic equations (3) and in no wise the signs of the determinants 
(7). The conclusions reached therefore apply not only to groups of non- 
loxodromic substitutions but likewise to non-singular groups of substitutions 
whose characteristic equations are real. For the latter also, under the limitations 
specified, there are just two classes of groups, and these can be transformed 
into the two normal forms which have been given. Further, the totality of 
substitutions of either form, with or without the restriction of being non- 


loxodromic, form a group. ‘This is evident in the case of substitutions of the 
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rst kind since the totality of real, non-singular substitutions (2) form a group, 
and the same holds true if the requirement is added that the determinants of 
the substitutions shall be positive or that they shall be of value +1. In 
the next section it will be shown that the totality of non-singular substitutions 
of the second kind also form a group, in this case necessarily non-loxodromic. 


2. ON THE NATURE OF THE TWO CLASSES OF NON-LOXODROMIC GROUPS 


A real projective substitution (2) of determinant A can be reduced to a form 
having the determinant unity by dividing each coefficient in (2) by A’. If 
A is positive, a real nth root may always be chosen so that the substitution 
remains in real form, but if A is negative, this is only possible when n is odd. A 
real projective substitution in space of n — 1 (real or complex) dimensions is 
therefore necessarily non-loxodromic when the number of dimensions is even, 
but when it is odd, only if the determinant of the substitution is positive. 

In accordance with § 1 the general non-loxodromic group of the first class, 
expressed in normal form, consists of all real substitutions (2) of determinant 1. 
Hence it comprises all non-loxodromic substitutions which leave invariant 
the real space of the n homogeneous variables which lies within the complex 
S,-1. When n — 1 is even, all real and non-singular projective substitutions 
of the n variables are included. If the group by transformation through any 
substitution is thrown out of normal form, the real space is converted into an 
invariant “chain” for the transformed group. 

For the special case n = 2 it is known that the poles of all hyperbolic and 
parabolic substitutions in a non-loxodromic group of the first class lie upon the 
invariant real axis or circle, while the poles of any elliptic substitution of the 
group lie symmetrically with respect to the real axis or circle. We can easily 
see that there is a corresponding generalization for greater values of n. Con- 
sider, for example, any non-loxodromic group of the first class which contains 
a substitution S whose characteristic roots are all real and distinct. Such a 
substitution will be called hyperbolic since it is the natural generalization of the 
hyperbolic substitution for n = 2.* Let the group be transformed into its 
normal real form. Then the hyperbolic substitution becomes a real sub- 
stitution (2) of unit determinant. To each of our n distinct characteristic 
roots \; belongs a linear form, 


VY; = + + +++ Qa, 


which undergoes the substitution Y; = A; Y; in consequence of S. The well 
known equations for determining the coefficients c; of the form, given in (23) 
below, show that the ratios of these coefficients are all real. If we equate 


* It will presently appear that no hyperbolic substitution is included in a non-loxodromic 
group of our second class. 
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these n forms to zero, we obtain a configuration of n real and distinct hyper- 
planes, and the n vertices of this configuration are the poles of the hyperbolic 
substitution. The poles of the substitution are accordingly all real, a con- 
clusion which applies simultaneously to all hyperbolic substitutions of the 
group. Hence in a non-loxodromic substitution of the first class the poles of its 
hyperbolic substitutions all lie in the invariant chain of the group. 

Conversely, if we have a set of hyperbolic substitutions whose poles lie in a 
common chain, they generate a non-lorodromic group. For let the group be so 
transformed that the chain becomes the real codrdinate space. The poles of 
any hyperbolic substitutions in the group are now real and by a real trans- 
formation of the group may be made to be the n-coérdinate vertices. The 
substitution then has the real form a, = \; 2; (¢ = 1, ---, m) and hence must 
have had also a real form before the last transformation. Consequently all 
hyperbolic substitutions of the group have been made simultaneously real. 
Now by hypothesis our hyperbolic substitutions are of unit-determinant; 
they generate therefore a group consisting only of real substitutions of unit- 
determinant,—that is, a group of non-loxodromic substitutions. 

Take now the other extreme case in which the characteristic roots of some 
particular substitution of a non-loxodromic group of the first class are distinct 


pairs of conjugate imaginaries. Such a substitution will be called restrictedly 


elliptic and is possible only when n is an even number 2m. By transformation 
of the group the particular substitution can be thrown into the form (8) and be 
used as our substitution S, of the preceding section. Without change of S, 
the group was there brought into a first normal form and then was converted 
into the final real form by the transformation (21). Since the characteristic 
roots of our substitution are by hypothesis all distinct, the invariant points of 
(8) were the 2-codrdinate vertices. The transformation (21) converts the 
invariant point for which 22;_; is the only non-zero coérdinate into a point for 
which the y-codrdinates are all zero except yoi-1 = ei-1, Yoi = — 
while the invariant point having 2x2; as its only non-zero coédrdinate is con- 
verted into one for which all the y-coérdinates are zero except yoi-1 = 22;, 
Yo; = ia2;. These two points are imaginary points which lie symmetrically 
with respect to the real space of the y-codrdinates; i.e., the space for which the 
ratios of the 2m homogeneous coérdinates are real.* Thus the 2m invariant 

* If we think of a complex space S; as a real space with 2k real orthogonal axes, two points 
lie symmetrically with respect to the linear space determined by r-codrdinate axes if the corre- 
sponding r-coérdinates of the two points agree, while the remaining coérdinates of one point 
differ only in sign from those of the other. Accordingly, in the case before us, if we interpret 
the n complex coérdinates y; as nonhomogeneous coérdinates for a real space of 2n dimen- 
sions, the n = 2m invariant points of our substitution are obviously m pairs of points sym- 
mettically situated with respect to the linear space of n dimensions which consists of the points 
for which the y; are all real. When, however, as above, the coérdinates are thought of as 
projective, some one of the y; equated to zero—let us say y, = 0—specifies the region at 
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points of the substitution S, in its final real form are m pairs of points sym- 
metrically situated with respect to this real space of 2m — 1 dimensions 
embedded in the complex space of the coérdinates having double this number of 
dimensions. This real space is the invariant real space of the normalized 
real group in which our substitution is contained. The other “restrictedly 
substitutions of the group, whose characteristic roots are distinct 


elliptic’ 
pairs of conjugate imaginaries, have become real simultaneously with S,. 
Now any two real forms into which a given substitution can be transformed 
are convertible the one into the other by a real linear change of coédrdinate 
variables. Such a change in our y-coérdinates converts a pair of points, 
symmetrically situated with respect to the real space of the codrdinate-ratios 
and having corresponding coérdinates the conjugates of one another, into 
another like pair of codrdinates. Since, furthermore, any restrictedly- 
elliptic substitution of the group could be made our S,, it follows that the 
invariant points of all restrictedly elliptic substitutions of a normalized non- 
loxodromic group of the first species consist of pairs of points which lie sym- 
metrically with respect to the real invariant space of the group. If the group 
is transformed through any substitution 7’, the real invariant space is con- 
verted into a chain, and the images of the invariant point-pairs of these sub- 
stitutions are converted into pairs of points which may be said to lie sym- 
metrically with respect to this chain. 

Turn now to the groups of the second class which are more novel and there- 
fore more interesting. We will first prove that any substitution whose de- 
terminant consists of m? blocks of form (6) has a real characteristic equation. 
To establish this it is necessary to show that in its determinant (7) the sum of 
all the principal minors of any given order r is real. It suffices to prove that 
the principal minors which are not real occur in conjugate pairs. With this 
in view let us 

(I) exchange each odd row and column of (7) with the following even 
row and column, and 

(II) change first the signs of all the elements in the even rows and then the 
signs of the elements in the even columns of A. 

By these two changes every element of (7) is replaced by its conjugate. 
Since the determinant is unaltered in value by the two changes, it must be 
real, being identical with its conjugate. Any principal minor of (7) formed 


infinity and the nonhomogeneous coérdinates will be n — 1 ratios y:/yn, +++, Yn-1/Yn. The 
difficulty arising from the presence of pairs of points for which y, equals zero may be removed 
by regarding such a pair as the limit of another pair with the same codrdinates except yn, 
which is replaced by a real number / approaching zero. If, then, for h ~ 0 the two points 
are symmetrically situated with respect to the real space for whichthe (n — 1)-coérdinate 
ratios are real, the limiting points (h = 0) will also be said to lie symmetrically with respect 
to this space. 
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by deleting with each odd row and column the following even row and column 
is real for the same reason. Any other principal minor in consequence of I 
is exchanged with another principal minor, but neither is changed in sign by IT. 
Hence these two minors must be the conjugate of one another, and the sub- 
stitution has accordingly a real characteristic equation, as stated. 

It will be seen later that a non-zero determinant A having the structure (6) 
must be positive. If therefore the substitution is non-singular, its determinant 
can be made equal to + 1 by dividing all its coefficients by a real VA. All 
non-singular substitutions of form (5) are therefore non-loxodromic. 

Consider next the product of any two (non-singular or singular) substitutions 
S, S’ of the second class with coefficients a;; and 6;; respectively, and with 
the same pairing of equations in each, as indicated in (5). Since the coefficients 
of both obey the law (6), we find at once from (10) that Biyy, 4a = B;;, 
Biss, 5 = — B;, ju, for odd i and 7. Consequently the product of the two 


substitutions has the same form. 


Furthermore, the inverse of a non-singular substitution will also be of like 
form. In fact, since its determinant (7) is real, it is only necessary to see that 
the determinant of the cofactors A;; of the elements of (7) consists of blocks 
of the form (6). Now we have just seen that the changes I and II together 
replace every element of (7) by its conjugate and therefore every A;; by its 
conjugate. On the other hand, these changes obviously result in an inter- 
change of and A for odd 7 and j, also of A iy, and Aj, witha 
reversal of sign in the latter case. Hence we have A 41, j41 = Ay; 
a — A; j41- Thus the inverse substitution has the same form, and 
we conclude that any number of non-singular substitutions (5) of our second 
kind generate a non-loxodromic group. 

We now proceed to examine the nature of the substitutions of our second 
class. Let A; be a characteristic root of any substitution (2) of the second 
class. To this there corresponds a linear form 


(22 Vy = + C2 + +n In (n= 2m), 
which in consequence of the substitution undergoes the transformation 
Yi =A; Yi, and its coefficients satisfy the equations 

| 


C1 — Ai) + C2 dor + +n nt 
C1 + — Ay) + +n = 


C1 Ain + C2 Aon + Cy ( — 


the consistency of which is guaranteed by our characteristic equation. Sup- 
pose now every quantity which appears in these equations to be replaced by 
its conjugate. We get a system of equations for ¢, ---, €,. Exchange next 


0, 
(23) . . . . . . 


1922 | NON-LOXODROMIC SUBSTITUTIONS AND GROUPS 269 
ach odd equation in (23) with the following even equation, then each odd 
column with the following even column, and finally change the signs of the 
n terms of the resulting even equations. Then by virtue of the fact that 
Qij, Vist, j41, also Aj41, ; and — a;, ;4; are conjugates for odd 7 and j, we get 


precisely the equations which say that 


undergoes the transformation Z; = \; Z; in consequence of our substitution 
(2). Thus the pair of linear forms which correspond to a simple pair of 
conjugate imaginary roots of the characteristic equation have the form (22) 
and (24). Moreover, the two forms cannot be linearly dependent even when 
X,; is self-conjugate and real, for then we would have 
C2i-1 C2i 

which would make every ¢c; = 0 in (22). It follows that every real root of 
the characteristic equation must be at least a double root. 

In case the elementary divisors of the characteristic equation are not all 
simple, there correspond s linear forms to each elementary divisor (A — \;)* 


of the x; which in consequence of the substitution undergo the transformation 


= Youu +A: 
Let us suppose that Y; is given by the right member of (22), and correspond- 
ingly Z, by (24). Put 
(26) Ys dy v1 ds + + Xn (n = 2m ) 
By use of (1) and (26) in the second equation of (25) we get 
dy (ai. — Xi) + dy + +++ = %, 
dy + dz — Xi) + +r ane = 


dj Qin + dy Aon + + d,, ( hes 


Replace every quantity which appears in these equations by its conjugate, 
exchange each odd equation with the following even equation, then exchange 
‘ach odd column with the following even column, and finally change the signs 
of the terms on both sides of the even equations. We get a set of equations 
which state that the linear form 


No, 
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undergoes the transformation 


in consequence of our substitution. Proceeding next in the same way with 
the third equation of (25) and so on in turn with each of its succeeding equa- 
tions, we find that to the s linear forms Y,, ---, Y, there correspond also s 
other linear forms 7,, ---, Z,, which are related to them in exactly the same 


way as (24) to (22) and which undergo the transformation 


in consequence of the substitution. The coexistence of (29) and (25) indicates 


that for each elementary divisor (A — \; )* there is another divisor (A — d; i, 


and hence gives the following result: 

Turorem. The elementary divisors of the characteristic equation of any 
non-singular substitution (5) oceur only in conjugate pairs (X — ;)*, (A — d;)* 
of equal degree, this conclusion holding also for the real characteristic roots d; 
to which belong pairs of equal elementary divisors. 

Since the determinant of a substitution is the product of the characteristic 
roots, taken each with its proper multiplicity, the theorem just stated gives 
at once the following important corollary: 

Coroutiary. If a non-singular substitution has the form (5), its determinant 
is positive. 

Determinants with real elements satisfying the condition (6) have been 
previously encountered in some work of Voigt and have been called De- 
terminants of Voigt by Kowalewski. The proofs* given to show that Voigt’s 
determinant is positive or zero fail altogether to cover the more general 
determinants here considered in which the elements are complex. As the 
proof furnished above was indirect, I shall also give a simple and direct proof. 

The non-negative character of the determinant is obvious when m = 1 
since it is then a); G1 + 124.2. The extension to any other value of m is 
obtained in the following manner by mathematical induction. Suppose it 
to have been established for any value of m that all determinants of order 
2m — 2 having the structure (6) are non-negative. Take then any de- 
—" Kowalewski, Einfiihrung in die Determinantentheorie, § 69, p. 156. Baltzer’s and Drude’s 
proofs are both found in the Géttinger Nachrichten, 1887, 

Drude and Kowalewski prove, when the elements of (7) are real, that A is the sum of the 
squares of two expressions. When the elements are complex, the natural extension would be 
to replace each square by the product of the expression and its conjugate. But the resulting 
sum no longer represents A. 
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terminant (7) of order 2m, which obeys the same law, and multiply it by any 
minor Aom—2 of order 2m — 2 obtained by deleting from A any odd row and 
any odd column and the following even row and column. This minor has the 
structure (6), and there will be no loss of generality in supposing that it con- 
sist of the first 2m — 2 rows and columns of A since the deleted rows and 
columns may be moved to the bottom and to the right-hand border of A without 
violating the law of its formation. By a well known identity* we then have 


(30) Aom- oA Aom-1, 2m—1 Aom, Aom 1, 2m Aom, 2m—1- 


Now we have already observed that Aem—1, 2m—1 ANd Aom, om are Conjugates, 
while Aom—1, 2m and Aom,om—-1 are negative conjugates. Hence the right 
member of (30) is non-negative, being positive unless all four 4;; on the 
right of (30) are zero. If, therefore, a single one of the minors As,» formed 
in the manner indicated is positive, it follows that A is positive or zero. On 
the other hand, if every minor Ae,» is zero, every A;; by (30) must be zero 
and hence also A itself. Consequently, any determinant consisting of blocks 
of form (6) must be non-negative. Wence the determinant of any non-singular 
substitution of form (5) is positive. 

Any non-singular substitution in n variables which consists only of pairs of 
components of form (25) and (29) is a substitution of our second class since it 
can be thrown into form (5) by alternating the equations of (29) with those of 
(25). Thus, for example, the alternation of their first two equations gives a 


matrix of coefficients 


IA 0 0 
0 
1 0 2X O 
lo 1 0 X 


having the structure (6). 

In establishing the existence of the linear forms Y;, Z; for any non-singular 
substitution of the second class, we implicitly reduced it to canonical form. 
If we regard our m pairs of equations of form (22) and (24) as a change of 
variable, the substitution in terms of the new variables consists of pairs of 
components (25) and (29). Now the transforming equations (22) and (24) 
are of exactly the same form as (5). Hence any substitution of the second 
class can be thrown into canonical form by transformation through an appropri- 
ately chosen transformation of the same class. Since all the transformations 
(5) form a group, this can be also done without destroying the form (5) of a 
non-loxodromie group in Which it is contained. 

An important property of substitutions (5) of our second class is to convert a 
pair of points 


* Muir’s Theory of Determinants, § 90. 


| 
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into another similar pair. By direct substitution in (5) it will be found at once 
that when the substitution converts P into = 75;),¢ = 
it also converts Q into Q’ (— #;, i141). <A pair of such points we will 
speak of as conjugate with respect to the substitution or group. 

We will now prove, conversely, that if any substitution (2) in our 2m variables 
has the property of carrying every pair of conjugate points into a pair of conjugate 
points, it must be one of our second class having the form (5). Consider the 


first two equations of (2) which, for convenience, we will write 


(2 = 2m). 


The coefficients of either equation will, in general, be determined by the 
requirement that m pairs of conjugate points P;, Q; shall be transformed into 


conjugate pairs P, Qi. We get thus the following sets of equations for the 


determination of our coefficients a;, b;: 


bom—1 Li, 2m—1 


bom 1 Zi, om 


The determinants of these two sets of equations are identical and must be 
positive or zero since they are composed of blocks of form (6). To exclude the 
value zero, it will be assumed that m pairs of conjugate points P, Q are taken 
which do not lie in a common hyperplane of our complex S,-;. The numer- 
ators of the values obtained for a; and b. are determinants differing only in 
their first two columns which consist of m blocks 


Zio — Z; 


respectively, while the corresponding blocks in the numerators of a, and b, are 


The remaining pairs of columns are identical for all four numerators and are 
of structure (6). If now in the numerator of b. we exchange each odd row 
and column with the following even row and column and change first the 
signs of the even columns and then of the even rows, each element of the 
numerator determinant is converted into the conjugate of the corresponding 


= bay + the, 
I jo (lom—1 Li, 2m T Vi, 2m—1 
(2 
by Fig + be tin + on + bon Fi, 2m—1 
— — Li2 | 
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element in the numerator of a,;. Consequently b = G,. A like manipulation 
of the numerator of b; gives b;} = — d.. Inthe same way we obtain be; = doi41, 
bein, = — Go;. Hence the first two equations of the substitution must have 
the structure (6). The reasoning applies to all its succeeding pairs of equations. 
Thus the property of converting pairs of conjugate points into conjugate pairs 
completely characterizes the second class of substitutions. 

One immediate corollary of this result is that the invariant points of a 
substitution of the second class consist of pairs of conjugate points, for 
clearly if one point of a conjugate pair is invariant, the other must be. The 
geometrical interpretation of this is well known for m= 1. If, namely, 
complex coérdinates are given to the points of a sphere in the proper way, the 
formula (4) represents a rotation of the sphere about the diameter passing 
through the two invariant points of the sphere, and the coérdinates* of any 
two diametrically opposite points are z, — 1/2, or, in homogeneous notation, 
» 2). 


It has thus appeared that our second class of groups generalizes the charac- 


(21, 22) and (— % 
teristic form and property of the familiar elliptic rotation groups for m = 1. 
For m > 1 it accordingly seems fitting to apply the term elliptic to any sub- 
stitutions of our second kind, that is, to the substitutions whose elementary 
divisors occur only in conjugate imaginary or duplicate real pairs. The 
general elliptic group will then consist of all non-singular substitutions of the 
second class with the same pairing of the codrdinates, as indicated in equation 
(5). A subclass will comprise the restrictedly elliptic substitutions whose 
characteristic roots are n distinct pairs of conjugate imaginaries. 


* 


Cf. INlein’s Vorles ungen tiber das Ikosaede r, pp. 32-34. 
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BIRATIONAL TRANSFORMATIONS SIMPLIFYING SINGULARITIES OF 
ALGEBRAIC CURVES* 


BY 


GILBERT AMES BLISS 


In a preceding papert I have commented on the proofs of the theorem that 


every irreducible algebraic curve can be transformed by a birational trans- 
formation into one having no singularities except double points with distinct 
tangents. There are many proofs, two of which seem to be especially inter- 
esting. The first is by Walker,t who has worked out in detail an alteration, 
suggested by Klein in 1894,§ of a proof originally devised by Bertini for the 
projective plane. In the second, by Hensel and Landsberg,{{ reasoning pro- 
posed by Kronecker in 1881]! is extended to apply to the proof of the theorem 
in the function-theoretic plane. These two proofs appeal to me as being the 
best ones which I know for the two cases, but both of them are lengthy and 
complicated when all details are taken into consideration. In the present 
paper I have extended once more the method of Kronecker so that it can be 
applied in both the function-theoretic and the projective planes, and have 
attained what I hope will be regarded as simpler proofs of the two corres- 
ponding theorems. 

It should perhaps be said that Kronecker’s original reduction of the singu- 
larities of an algebraic curve to ordinary double points was effective only for 
the finite part of the plane. The alteration of his method to include the 
points at infinity in the function-theoretic plane is a real extension, as one may 
see by a study of the proof of Hensel and Landsberg. Still more is required 
of the transformation if higher singularities are to be excluded from points on 
the curve in the infinite region as well as in the finite part of the projective 
plane. 

In Section 1 below a set of properties of an algebraic function y (2) defined 
by an irreducible algebraic equation f (x2, y) = 0 is described, such that when 

* Presented to the Society, April 28, 1923. 

+ The reduction of singularities of plane curves by birational transformation, Bulletin 
of the American Mathematical Society, vol. 29 (1923), pp. 161-183. 

t On the resolution of higher singularities of algebraic curves into ordinary nodes, Dissertation, 
Chicago, 1906. 

§ See a footnote to the paper by Bertini, Trasformazione di una curva algebrica in un’altra 
con soli punti doppi, Mathematische Annalen, vol. 44 (1894), p. 158. 

| Theorie der algebraischen Funktionen, p. 402, § 2; see also Hensel, Encyclopddie der mache- 
matischen Wissenschaften, 11 C 5, § 25. 

|| Journalfirdiereineund angewandte Mathematik, vol. 91 (1881), p.301. 

274 


SINGULARITIES OF ALGEBRAIC CURVES 275 
the function y(x) has these properties the corresponding algebraic curve 
f = 0 has no singularities in the projective plane except double points with 
distinct tangents. For the simplification of the singularities of an arbitrary 
algebraic curve f(a, y) = 0 the method followed in the succeeding sections 
consists in the construction of a pair of rational functions (27, ¥), n(2,y), 
satisfying an irreducible equation ¢(£, 7) = 0 birationally related to f (2, y) 
= 0, and having the properties described in Section 1. In Sections 2, 3, 4 
the construction of and yn is described and their properties determined. The 
lemma in Section 2 is particularly effective in simplifying the proofs. In Section 
5 the method of the preceding sections is applied in the function-theoretic plane, 
the general plan being that of Hensel and Landsberg, but the details quite differ- 
ent. In Section 6 the distinction between the theorems for the projective and 
the function-theoretic planes is explained in terms of homogeneous coérdinates. 

1. A preliminary lemma. Consider an equation f(z, y) = 0 in which f is 
an irreducible polynomial in 2 and y of degree n in y. Near a finite value 
x = athe values of y which satisfy this equation are defined by a number of 
series in increasing integral powers of ¢ of the form 


where t = (x — a)'/", risa positive integer, and the numbers r, uw, pw’, «++ are 
relatively prime. Each such series defines r values of y when the r values of 
(x -- a)"/" are substituted, and the sum of the integers r for the various series 
in powers of (x — a) is equal ton. There are only a finite number of values 
x =a, the branch values, for which some of the corresponding exponents r 
are greater than unity. The polynomial A(z) is defined to be the product 
of the factors (# — a)" corresponding to the series (1) which have r > 1, 


A(x) 


Near x = @ the values of y are given by expansions (1) in which ¢ = (1/z)"". 
Lemma 1. An irreducible algebraic curve f(x, y) = 0 of degree n in y has 
no singularities in the projective xy-plane except double points with distinct 
tangents, provided that the algebraic function y (x) defined by the equation has the 
following properties: 
1. atx = « the n values of y(x) are given by n expansions 


and y(x) has no other poles; 
2.° the discriminant of y (2) has the form 


D(2) = V(x)? 
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where V (x) is a polynomial with roots distinct from each other and from those 
of A(z ) 

To prove this lemma let f (2, y) be first expanded in powers of 2, y in the 
form 


(try) tees + (2,y),, 


where (2, y); is homogeneous and of degree k in x and y. From the assump- 
tion that the series (2) satisfy f = 0 it follows readily that (1, &), = 0 
(k =1,+---,m), and therefore vy =n. It is clear that (2, y), is exactly of 
degree n in y since f itself has by hypothesis this property, and furthermore 
that vy = n, since otherwise f(2, y) would contain y”" multiplied by a poly- 
nomial in x, and the function y(2) would necessarily have poles at finite 
values of 2, contrary to the property 1. The intersections of f = 0 with the 
line at infinity are defined by the equation (x, y), = 0 and are evidently 
distinct. None of them is a multiple point of the curve. 

At a finite value x = a distinct from the roots of D(x) every root b of 
f(a, y) is simple and f = 0 has no multiple point at (a, db). 

If the roots of f(a, y) corresponding to a value x are represented by y; 


(i =1,---,n), the discriminant has the value 

(3) D(x) = A(r) = yj)? 
i<j 

For a root x = a of A(x) the n values of y are defined by expansions (1) in 


positive integral powers of (2 — a)” which have the form 


(4) 

since y(a) has no pole at a finite value of x. Each of these series furnishes 
r(r — 1)/2 differences y; — y; of order at least 1/r in (a — a). Since each 
factor y; — y; occurs twice in D(x) it follows that for each such series D (x) 


r— 


contains at least the factor (2 — a)", whatever the values of b and b’ may be. 
Since, by property 2, D(x) can contain no more powers of (2 — a) than are 
contained in A(x), it follows readily that for each series (4) corresponding to 
x = a the coefficient b’ must be different from zero, and that the coefficients b 
for the different series corresponding to x = a must be distinct. The value } 
is therefore exactly an r-tuple root of f(a, y), and (y — b)” is the lowest 
power of (y — 6) alone actually occurring in the expansion 


(5) 


of f(x, y) at (a, b). It may also be verified that the expansion (4) can 
satisfy f = 0 only if the term in (2 — a) is present in (2 —a, y — b):. 
Hence none of the points (a, 6) corresponding to a root x = a of A(x) isa 


singular point of the curve f = 0. 
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At a zero x = a of V (x) the expansions (4) all have r = 1, since the roots 
of V(x) and A(z) are distinct by the property 2 of the lemma. Since, by 
the property 2, D(x) has exactly the factor (2 — a)*, it follows that one 
only of the differences y; — y; has a simple zero at x = a, and that for it the 
expansions of y; and y; have the form 


y= b+a(r—a)t+---, 


with c; ~ c2. The value y = b is a double root of f(a, y), and (y — 6)? is 
the lowest power of (y — 5) alone actually occurring in the expansion (5). 
The series (6) can make (5) vanish identically only if the remaining linear 
term in (x — is absent and if (1, = (1, ¢2)2 = 0. Hence(a,b)isa 
double point of the curve f = 0 with distinct tangents. The other roots b’ of 
f(a, y) are in this case simple, and the points (a, b’) are simple points of the 
curve. 

2. Rational functions (x, y) with simple poles. When the series (1) and 
the value of x in terms of ¢ are substituted in a rational function (2, y) of 
the variables x, y, an expansion for a is found of the form 


(7) o(t,y) 


The constant u is a positive or negative integer, not necessarily the same as 
the integer p» in (1), and is called the order of o (x, y) at the expansion (1). 
On the Riemann surface T of f(2, y) = 0 the places P are in one-to-one 
correspondence with the expansions (1). Hence y is also called the order of 
o(z,y)atP. 

A symbol D = P# --- P#, where the P’s represent places on the Riemann 
surface and the y’s are positive or negative integers, is called a divisor. The 


(6) 


sum wu; + --- +u. = — q is the order of the divisor. A rational function 
a(x, y) is a multiple of the divisor D if its orders u are = uw; at the places 
P;(i =1,--+-,s8) and = Oelsewhere. One of the most important problems 


of the theory of algebraic functions* is the determination of the functions 
o (x,y) which are multiples of adivisorD. It isa theorem that if > 2p — 2, 
where p is the genus of the curve f(z, y) = 0, then the number of linearly’ 
independent multiples of D is exactly vy = q — p+ 1.+ 

* Hensel, Encyclopddie der mathematischen Wissenschaften, II C 5, p. 557. 

+ Consider two divisors Q, Q’ with orders q, g’, and whose product is in the differential 


class (W). Let {Q}, {Q’} represent the numbers of linearly independent multiples of 1/Q and 
1/Q’, respectively. Then, by the Riemann-Roch theorem, 


{Q'}={Q}-a+p-1. 


See Hensel und Landsberg, Theorie der algebraischen Funktionen, pp. 301, 304, formulas (1a) and 
(IT); and Hensel, loc. cit., pp. 557-8. Ifgq > 2p — 2 then g’= 2p — 2 — g< 0, and the number 
{Q’} of multiples of 1/Q’ is zero. Hence in this case {Q} = q—p-+1. In the text above 
the 1/Q of this footnote is replaced by D. 

Trans. Am. Math. Soc. 19. 
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Consider now a divisor D = Py! --- Pz! for which q >2p+2. The 
v = q — p+ 1 linearly independent multiples 0, ---, ¢, of this divisor are 
everywhere finite except possibly for simple poles at the places inD. The 
coefficient c of the lowest power permitted in the expansion (7) for a multiple 
of D may be called the leading coefficient of ¢ at the corresponding place P, 
and for the functions o;, --- , 0, these coefficients will be denoted by ¢1, ---,¢,. 
Lemma 2. For the multiples of a divisor D = Py --- Pz? 
(q > 2p + 2) the matrix 
C1 
_/ 
(8) 
C71 


of leading coefficients at four arbitrarily selected places P, P’, P", P’” on the 
Riemann surface of f(x,y) = 0 has always rank 4. 

Suppose that this were not true for a set of places P, P’, P”, P’’. Then 
there would be at least vy — 3 linearly independent functions of the form 
10, +--+: +2,¢, with 7, ---, v, constants and with leading coefficients 
zero at P, P’, P’”, P’’. These functions would be multiples of the divisor 
D, = PP’P’P’’D of order 4— gq. But this is impossible, since q — 4 
> 2p — 2 and the number of linearly independent multiples of D, is therefore 


q-4-—ptl=v-—4. 


Coro.tLary 1. The matrix corresponding to (8) for k < 4 places has always 
the rank k. 

If the place P’ is replaced by P, and the second row in the matrix (8) by 
the second coefficients d,, ---, d, of the expansion (7) for a1, ---, o,, then 
the lemma and its proof would still be valid. The following corollary is there- 
fore also true: 

Coro.Liary 2. At every place P the second coefficients d,, ---, d, in the 
expansions of 0, are not all zero. 

3. Properties of pairs of rational functions. The properties described in 
this section for pairs of rational functions (2, y), 7 (2, y) on the Riemann 
surface 7’ of an irreducible algebraic equation f(z, y) = 0 are well known.* 
They are reproduced here, however, in a form which is especially adapted 
to the applications which are to be made in Section 4. 

In the first place if £(2, y) has q poles on the surface 7, then for every 
constant @ the function (2, y) — @ will have q zeros, and it is clear that at 
the g places of 7 where £ (2, y) has a fixed value the function 7 (2, y) takes q 
values 1, «++, %q¢ Which may or may not be distinct. To obtain analytic ex- 

* Hensel und Landsberg, loc. cit., p. 247. Appel and Goursat, Théorie des Fonctions 
algébriques, p. 256. 
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pressions for 71, for values of near = a, consider the expansions 
analogous to (7) for the functions §(z, y) — a and (2, y) near a zero of the 
former. These have the form 


(99) (¢€4#0,a 40). 


The first equation can be solved for ¢ as a series in r = (£ — a)? defining p 
distinct values of ¢ for each £ near a when the p values of 7 are substituted. 
When this series is substituted in the second equation the result has the form 


(10) n = Bre+ Br! 


The values m1, of n (2, y) corresponding to a value of near § = a 
are defined by a number of equations (10), one for each of the zeros of £ (2, y) 
—a. The sum of the orders p of these is g. For values & near § = © the 
only difference is that the parameter in (10) is 7 = (1/£)"?. 

The symmetric functions of the values 7, ---, 7¢ corresponding to a given 
£ are’rational functions of £. For they are clearly representable by series in 
fractional powers of (£ — a) or 1/E near £ = a or £ = ~, and these series 
can have only integral exponents since the symmetric functions which they 
represent are single-valued in £. Hence the symmetric functions, being single- 
valued in & and having no singularities except poles, are rational in £. It 
follows now that the product (7 — 91) (n — m2) (n — isa polynomial 
of degree q in n with coefficients rational in £, and when cleared of fractions it 
becomes a polynomial ¢(£, 7) in both € and 7. The equation ¢(£, 7) = 0 
of degree q in 7 is satisfied by all of the values of (2, y), (a, y) at places 
on 7’. 

The polynomial ¢(£, 7) is either irreducible or else the power of a single 
irreducible factor. In fact, each irreducible factor of ¢ (£, 1), being made zero 
by one at least of the expansions (10), must also be caused to vanish identically 
by (9) and all of its continuations on the surface 7. But in that case the 
irreducible factor must be satisfied by all of the roots m1, ---, n,, and the 
factors of ¢(£, 7) must all be identical. The important case when ¢(£, 7) 
itself is irreducible will evidently occur if and only if there is at least one value 
£ for which all of the values m1, ---, m¢ are distinct. , 

When ¢(£, 7) is itself irreducible the equation ¢(£, 7) = 0 is birationally 
related to f(a, y) = 0. For then the set of series (10) corresponding to 

= a must define distinct values 71, ---, mq for values of £ near £ = a, and 
the series themselves must all be distinct. To each one of them corresponds 
therefore a unique place on the surface 7’, which is equivalent to saying that 
there corresponds to each place on the Riemann surface U of 6(&,7) =Oa 
unique place P on the surface 7’. The values 2, y belonging to P are therefore 
single-valued functions on the surface U. They have at most poles, since as 
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functions of t they have only poles, and since ¢ is expressible in positive integral 
powers of 7 by solving the equation 


r=t(e+dt+---)¥ 


obtained from the first equation (9) and the equation § — a = 7®. Under 
these circumstances x and y are necessarily rational functions of £, 7, and the 
curves f(z, y) = O and ¢(£, 7) = 0 are birationally related. 

4. Transformation to a curve with ordinary double points only in the pro- 
jective plane. In this section it is proposed to prove the following principal 
theorem of this paper: 

An irreducible algebraic curve f(x, y) = 0 can always be transformed by a 
birational transformation into a second such curve @(£, 7) = 0 having no singu- 
larities in the projective &n-plane except ordinary double points. 

The method of proof is to construct, with the help of the functions a1, ---,¢, 
of Section 2, a pair of rational functions (2, y), (2, y) satisfying an 
algebraic equation ¢(£, 7) = 0 birationally related tof (2, y) = 0 and having 
the properties 1 and 2 of Lemma 1. 

Consider now a divisor D = Py! --- Pz! with g > 2p + 2, as in Section 2, 
having the linearly independent multiples 01, ---,¢,. A particular function 


can be chosen with the constants uw, ---, u, fixed once for all so that at each 
of the places P, ---, P, the order of & is exactly — 1 (Lemma 2, Corollary 1 
fork = 1). Fora second function of the family 
(11) n(z,y) 
the expansions (10) corresponding to £ = © arise at the places P,, --- 
and are readily seen to have the form 


(12) 


The constants 8; will be distinct provided that 1, ---, v, do not satisfy a 
certain system L of linear equations (Lemma 2, Corollary 1 for k = 2). 
Under these circumstances the values m1, --+, nq corresponding to a value of 
£ near £ = © will be distinct, and £ and 7 will satisfy an irreducible algebraic 
equation ¢(£, 7) = 0 of degree q in 7 birationally related to f(z, y) = 0. 
Furthermore, since 7 is infinite only at the places P,, ---, P4 where é is also 
infinite, the only poles of the function y (£) defined by ¢ = 0 are those given 
by the q expansions (12), and these have now the properties prescribed in 1 
of Lemma 1. 
The discriminant of » with respect to £, 


(13) &) = (ni — 15) 
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is a polynomial in 1), ---,2v,,&. For it is symmetric in m1, --- , 7, and there- 
fore rational in £, and it must be a polynomial in £ since it is finite near every 
finite value of £. It may be represented as a product W (1, ---,2,, &)A(&) 
where A (£) contains all factors of D containing only £, and where W has con- 
sequently no factor in & alone. 

Near a finite value £ = a the qg values of 7 are defined by a number of series 
(10) which now have the form 


(14) 


since 7 has no poles except at the places P:, ---, P, where & is also infinite. 
The p values of 7 defined by one of these equations provide p(p — 1)/2 factors 
ni — n; in D, each repeated twice, and each of order at least 1/p in (£ — @). 
Hence they contribute at least the factor (§ — a)*" to A(é). If the coeffi- 
cients %), «++ , v, in (11) do not satisfy a certain system of linear equations, then 
the coefficients 6’ in the expansions (14) corresponding to — = a@ will all be 
different from zero (Lemma 2, Corollary 2), and the constants 8 will all be 
distinct (Lemma 2, Corollary 1 for k = 2). For a suitable special choice of 
the coefficients v, therefore, the discriminant D will contain no more powers 
of (£— a) than the product of the factors (£ — a)*" corresponding to 
the different expansions (14) for £ = a, and it can consequently contain no 
more when the v’s are indeterminates. It follows readily that A (£) is exactly 
the product II(é— a)?’ taken for all the expansions at branch values 
£ = a, i.e., the values for which the function (2, y) ~ @ has multiple roots. 

The factor W (2, ---, v,, &) of the discriminant is irreducible or else a 
product of a number of irreducible factors which are also polynomials in 
M1, °*+, v%, & Near a value & = & which is not a branch value of £ the 
discriminant D , thought of as a polynomial in 21, --- , v,, is completely decom- 
posable into a product of factors 


(15) mi — nj = 1 (01; — + +2, (6, — 


linear in %, «++, v, and with coefficients power series in £ — £ with constant 
terms not all zero (Lemma 2, Corollary 1 for k = 2). Each irreducible 
polynomial factor of D must therefore be expressible near £ = £& as the product 
of a number of distinct factors of the form (15), and each must occur at least 
twice in W since each linear factor (15) occurs twice in D. An irreducible 
factor of W could not occur more than twice, since otherwise there would have 
to be at least two linear factors ni; — nj, ne — n, having (1,7) ¥ (k, 1) and 
with proportional coefficients. This would imply a relation 


ni — = (m— 


holding identically in 7, ---, v,, where g is a series in ( — &)) with constant 
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term different from zero. But this would contradict the validity of Lemma 2 
at = £, or its Corollary 1 for k = 3 when only three of the integers7,7, k,l 
are distinct. It is clear then that each irreducible factor in W occurs exactly 
twice, and D has the form 


where V is a product of distinct irreducible polynomials in », ---, v,, & con- 
taining no factor in & alone. 

Suppose now that the coefficients 7, ---, v, have numerical values not 
satisfying the linear system of equations L. Then, as has been shown above, 
the functions (2, y), n(x, y) satisfy an irreducible algebraic equation 
o(£, 7) = 0 birationally related to f(2, y) = 0, and the only poles of the 
function 7 (£) defined by ¢(£, 1) = O are given by the expansions (12) which 
have the form prescribed in 1 of Lemma 1. If furthermore 2, ---, v, are so 
chosen that the roots of the irreducible factors of V (2, «++, v,, &) are distinct 
from each other and from those of A(£), then D has the form prescribed in 2 
of Lemma 1. Hence ¢(£, 7) = 0 has in the projective plane only double 
points with distinct tangents. 

5. Transformation to a curve with ordinary double points only in the func- 
tion-theoretic plane. ‘The projective xry-plane is the extension of the euclidean 
xy-plane which is obtained by introducing the homogeneous coérdinates 
x = X1/X3, Y = X2/x3. The function-theoretic plane, on the other hand, is 
obtained when the homogeneous coérdinates x = 21/22, y = yi/y2 are used. 
In the former case the infinite region is the line 7; = 0. In the latter case it 
is the totality of points whose non-homogeneous coérdinates have the form 
(«,y)or(x, or whose homogeneous coérdinates have x2 = 0 or = 0. 

An irreducible algebraic curve f(x, y) = 0 is said to have ordinary double 
points only in the function-theoretic xy-plane if its singularities in the finite 
part of the plane are ordinary double points, and if its points at infinity provide 
only simple points or double points with distinct tangents when they are 


transformed into the finite part of the plane by means of one or both of the 


transformations x = 1/2’ or y = 1/y’. It is possible to transform an irre- 
ducible algebraic curve f (a2, y¥) = 0 into one with only ordinary double points 
in the function-theoretic plane by a birational transformation of the form 


n=n(2,y), 


as will be shown in the following paragraphs. The first step in the proof of 
this statement is the following lemma analogous to Lemma 1 of Section 1. 

, Lemma 3. An irreducible algebraic curve f(x, y) = 0 of degree n in y has 
no singularities except double points with distinct tangents in the function-theoretic 


f=. 
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plane, provided that the function y(x) defined by the equation f = 0 has the 
following properties: 

1. atx = @ the function y(x) has n distinct finite values; 

2. the poles of y(x) are simple and at values x = a distinct from each other and 
from the branch values of x; 

3. the discriminant of y(x) has the property 3 of Lemma 1. 

It is clear from 1 that the points (*, y) on the curve are simple when 
transformed into finite points by the transformation x = 1/2’, and from 2 the 
same is true of the points (2, » ) when transformed by y = 1/y’. 

The finite roots of f (ao, y) for a value 2 = x over which y(2x) has a pole 
are all simple, by 2, and hence they provide only simple points of the curve 


f(x,y) =0. 
The discriminant of y (2) is by definition 


where A is the product of the linear factors x — xo belonging to values ao for 
which y(2) has poles. By a repetition of the argument of Section 1 it is 
provable that f(a, y) = 0 has only double points with distinct tangents 
corresponding to values « = a other than those discussed above, and the 
lemma is therefore proved. 

To construct a rational function 7 (2, y ) whose irreducible algebraic equation 
(x, 7) = 0 is birationally related to f(a, y) = 0 and has the properties 
1, 2, 3 of Lemma 3, one may start from a divisor D = Py! --- Pz! with 
q > 2p + 2, as in Section 2, whose places P; on 7’ correspond to finite values 
of x distinct from each other and from the branch values. If the coefficients 


°**, v, in the expression 
n(t,y) =nor1t 


do not satisfy a certain system IL, of linear equations, the function n (2, y) 
will have distinct finite values at 2 = «© (Lemma 2, Corollary 1 fork = 2) and 
a pole of order one at each place P; (Lemma 2, Corollary 1 fork = 1). Since 
under these circumstances the » values of 7 corresponding to a value 2 near 
x = © are all distinct, it follows that y (2, y) will satisfy an algebraic equation 
@(x,7) = 0 birationally related to f(2, y) = 0 and having the properties 1 
and 2 of Lemma 3. 
The discriminant of n(x, y) with respect to x is by definition 


v,, = A”? IT (ni nj)” (t,j= 
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where A is the product of the factors (2 — 29) belonging to the places P; of D, 
and where 71, «++, 7» are the n values of (2, y) for a given value x. This 
expression for D is symmetric in 71, ---, 7» and therefore rational inz. It 
can become infinite only at the values x9 corresponding to the places P;. At 
such a value 2 only one of the values 7; has a simple pole. There are therefore 
only n — 1 of the factors n; — 7; which have simple poles, and in D these are 
annulled by the factor A°"-*. Hence D is finite for all finite values of x and 
is a polynomial in 7, ---,v,, 2. It is expressible in the form 
W (m4, +++, 

where W contains no factor in 2 alone. 

It may now be proved, exactly as in Section 4, that A(2) is the product 
II (2 — a)’—' formed for all the branch places on 7’, and that W is the square of 
a product V (7%, «++, v,, 2) of distinct irreducible factors. Hence if 2, ---, 
v, are chosen not satisfying the system J, of linear equations, and so that the 
roots of V are distinct from each other and those of A(z), then d(z, 7) = 0 
will have the properties 1, 2, and 3 of Lemma 3, and the curve which it defines 
in the function-theoretic plane will have only double points with distinct 
tangents. 

6. Homogeneous coérdinates. The branches of an irreducible algebraic 
curve f(z, y) = 0 have for z = «© and 2 = a the forms 

= bt*+ +.---, 

= bt +b + - 
These, with their transforms after replacing ¢ by a series ct + d+ --- (e #0), 
are included in the type 
(16) a=P(t), y=Q(t), 
where P and Q are series in integral powers of t having at most a finite number 
of terms with negative exponents. 

In terms of homogeneous coérdinates 2 = 21/23, y = X2/23 the branch (16) 
takes the form 


(17) (l= 1, 2,3) 


where (a, a2, a3) # (0,0,0). A branch of this character is said to be linear 


if the matrix 
ay a2 a3 
a2 3 
is of rank 2. Twosuch branches with the same center a; : d2 : a3 have distinct 


tangents if the determinant 


a, 4 


Qi, Ap 3 
Q, 
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is different from zero, where aj, a3, a3 are the coefficients of ¢ in the second 
branch. 

In the projective plane a curve f(z, y) = 0 has no singularities except 
double points with distinct tangents if all of its branches are linear, if the same 
center is never shared by more than two branches, and if every pair of branches 
with a common center has distinct tangents. It is readily provable that the 
branches (17) of a curve f(2,y) = 0 such as is described in Lemma 1 of Section 
1 have these properties, and that the properties themselves are invariant under 
transformations of the parameter ¢ and projective transformations 


Xi = ai £1 + ain So + aris & (*=1,2,3). 


In terms of homogeneous coérdinates 2 = 21/22, y = yi/y2 the branches 
(16) take the form 


yi = 
Such a branch is said to be linear if the determinants 


a, By 
a2 be Be 


are not both zero. Two branches with the same center 
(ay : bs) = (ay: 


have distinct tangents if the expression 


Bi 
Bs 


is different from zero, where the primes designate the coefficients of the second 
branch. 

A curve with no singularities except double points with distinct tangents in 
the function-theoretic plane is now defined as in the next to last paragraph 
above. The curves described in Lemma 3 of Section 5 have these properties, 
and the properties themselves are invariant under transformations of the 
parameter ¢ and the transformations 


¥i = Ba m + Biz 2 
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A SYMBOLIC THEORY OF FORMAL MODULAR COVARIANTS * 


BY 


OLIVE C. HAZLETT 


Part I. INrRopDUCTION 


1. Prologue. Thus far, very little has been published on the general theory 
of formal modular invariants or covariants. Workers have, on the whole, 
obtained results for special, more or less isolated, cases; and although some 
beautiful and important general theorems have been proved, they are more or 
less unrelated. This is, of course, only natural in any division of knowledge 
in its formative state. 

Nevertheless, no worker in the field could fail to be conscious of a certain 
uniformity common to the special cases that have been studied in detail; 
though (alas!) this uniformity usually appeared to be broken ruthlessly in the 
next case studied. This breaking of an apparent law signified, however, 
merely that we did not know these special cases with a sufficient thoro *hness 
of illuminating detail, or were trying unwittingly to make the laws coniorm to 
certain standards, unconsciously preconceived. This latter handicap was laid 
on us naturally enough by our thorough knowledge of algebraic invariants and 
the fact that this newer kind of covariants is, in many ways, strikingly like 
the older, classic covariants, though so tantalisingly different. 

Their similarity and their difference show themselves in the very beginning 
of the study: in the definitions, in the simplest examples. Perhaps the dif- 
ferences that first come to mind are those which are inherent in the fields of 
definition, which, in the case of classic covariants, is the field of reals or ordinary 


complex numbers and, in the case of modular covariants, is a Galois field, 
GF [p"], of order p". These differences are too obvious to mention in detail, 
but one who has studied the beautiful proofs given by the old masters of 
invariant theory has been forced to the conclusion that most of the proofs 
seemed to use the properties of a field of characteristic zero, not in some 


accidental manner, but rather in veriest necessity. 

Growing from the surface differences between the two fields are two very 
important distinguishing characteristics of the two kinds of covariants. It 

* Part II was presented to the Society, September 7, 1920; Part III, December 28, 1921; 
Parts IV and V, December 27, 1922. 

The reading of the literature in connection with this paper was much facilitated by the 
purchase of books with a grant made by the American Association for the Advancement of 
Science and this help is herewith gratefully acknowledged. 
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is well known that an algebraic covariant is necessarily such that all of its 
terms have the same weight—.e., it is isobaric; but a modular covariant is not 
necessarily isobaric. Nevertheless, although its terms are not in general of 
exactly the same weight, their weights can differ at most by multiples of 
p" — 1. Moreover, if two classic invariants are identical in value for all 
marks of the field, they are necessarily identical in form, and conversely; 
whereas, if two formal modular invariants are identica! for all marks of the 
field of definition, they are not necessarily identical in form. Nevertheless, 
although two such invariants can be of different degree and appear quite 
different in form at a casual glance, yet they necessarily have in common 
certain fundamental characteristics.* There are other differences that will 
occur to any worker in the field, but I think that I have mentioned the most 
refractory. 

As indicated above, in spite of the great differences between the algebraic 
covariants and formal modular covariants, there are certain fundamental 
likenesses which are more easily sensed than they are analyzed. A feeling 
that there is some theory which underlies all the special cases, and yet which is 
comparatively simple, made the writer try to crystallize this theory into words. 

In the spring of 1918, came the feeling that the theory of formal modular 
covariants of a binary form, f, for the field GF[p"], must be, in essentials, 
equivalent to the theory of simultaneous algebraic covariants of f and certain 
other forms obtained from f by replacing the coefficients of f by their respective 
p"th powers. This is natural enough, since these powers of the coefficients of 
f are cogredient with the coefficients of f for the transformations of the group 
used, and this is the only way in which a formal modular covariant differs 
from an algebraic covariant of f. Then there appeared other indications 
that there is an intimate relation between formal modular covariants of f and 
algebraic covariants of a system of forms consisting of f and related forms. 
This paper is an attempt to put in systematic form the theorems which emerged 
when these eventually crystallized. 

2. Summary of literature. Let 

f(a; 2) = + + + + On 
be a binary form and let G be a group of linear transformations 
(1) ti = + 122 (i= 1,2 
whose coefficients, the £’s and ’s, are in the field F. If J(a) be a polynomial 
in the a’s which, under all transformations of the group, is transformed into 
I(a’) such that 
(2) I(a’) = DY I(a) (in the field) 


*Some of these characteristics are indicated in a paper by Hazlett, these Transac- 
tions, vol. 22 (1921), pp. 144-157, especially p. 145. : 
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where 
D = (&) = &: 2 — & m1, 


then J is said to be an invariant of f under the group G. Similarly, if C (a; x) 
is a polynomial in the a’s and the 2’s which, under all transformations of the 
group G, is transformed into C (a’; 2’) such that 


(3) C(a’; 2’) = C(a;x) (in the field), 


then C is said to be a covariant of f under the group G. Also, we speak of 
invariants and covariants of a system S of binary forms f;. 

When the field of definition, F, is the field of all reals or the field of all 
ordinary complex numbers, the covariants of S are the ordinary covariants of 
S of the classic invariant theory, with which are associated the names of 
Cayley, Sylvester, Hermite, Aronhold, Gordan, Clebsch and Hilbert. 

When the field of definition, F , is the Galois field, GF [ p"], of order p” , the 
covariants of S are called modular covariants. Here the £’s and 7’s are marks 
of the Galois field, GF [p"], of order p"* defined by the prime p and an 
algebraic equation, P(X) = 0, of degree n; and thus (2) and (3) are con- 
gruences, reduced modulis p and P(X). This means that, in (2) and (3), 
the left member is identical with the right member if we replace the p"th power 
of &; and of n; by & and 7; respectively, in view of Galois’ generalization of 
Fermat’s theorem.f For a modular field there are two different types of 
covariants. If the coefficients of the forms (the a’s) range over the marks of 
GF [ p"], and if (2) and (3) are congruences which are true if Fermat’s theorem 
is applied, not only to the é’s and 7’s, but also to the a’s, then the covariants are 
called simply modular covariants. If, on the other hand, the a’s are independent 
variables, Fermat’s theorem does not apply to them; and hence, in (2) and (3), 
the left member is understood to be identical with the right member without 
any reduction in the exponents of the a’s. Such covariants are called formal 

* Let p be any prime and let P(X) = 0 be any algebraic equation of degree n which has 
its coefficients integers reduced modulo p and which is irreducible, modulo p. Then, if we 
reduce any polynomial in X modulis p and P (X ), we obtain a polynomial of the form 

M (X) = X*1 + OLX + 


where each of the c’s is an integer of the set0,1,-+-,p—1. The totality of all polynomials 
congruent modulis p and P (X ) to the same M (X ) is said to form a class of residues. Since 
there is a class of residues for each set of values for the c’s, there are p” such classes. The 
totality of the classes of residues are closed under addition, subtraction, multiplication and 
division (provided the divisor is not zero) and so constitute a field containing p* marks or 
elements. Any two such fields are the same for a given p and a given n. This is called a 
Galois field of order p” and is denoted by GF [p"]. Moreover, any finite field is simply iso- 
morphic with a Galois field. 

{If a is any mark of GF[p"], defined by p and P(X), then a?” = a (modd p, P(X)). 
See any standard work on Galois fields, such as Dickson, Linear Groups, Teubner, 1901, p. 11; 
Serret, Cours d’Algébre Supérieure, vol. 2, p. 180. 
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modular covariants. If the covariant is independent of the variables, it is 
called a modular invariant or a formal modular invariant according as the a’s 
are marks of the field or independent variables. 

Although Hurwitz introduced the notion of formal modular invariants in 
connection with the determination of the number of solutions of higher con- 
gruences,* Dickson discovered them independently four years later from a 
different point of view.f Practically all important results in the theory are 
due to Dickson.t 

Clearly, every formal modular covariant of a system S is a modular covariant 
of S, though not every modular covariant of S is also a formal modular co- 
variant of S. For a modular invariant, J, of S is concerned solely with the 
values of J for the different sets of values of the a’s in the field of definition, 
whereas a formal modular invariant of S is concerned not only with the values 
but also with the form of I. This statement has to be modified somewhat for 
covariants that are not invariants, since, in (2) and (3), the left member is the 
same as the right member in a purely formal sense as far as the 2’s are con- 
cerned, for both kinds of covariants. For example, if a is any one of the 
coefficients of f, then a?” — a always has the value zero when a is a mark of 
GF [ p"] and hence it is a modular invariant of f; but it is not a formal modular 
invariant, since it is changed in form if we interchange x; and 22. To take 
a less trivial example, 


q = (a+c)(%+ ac — 1) 


is a modular invariant of f = axj + 2ba; x2 + ex}, mod 3, but is not a formal 
invariant, since goes into —a—b6-+ ec under the transformation 
=a, + 22, te = 2. 

In 1909,§ Dickson studied modular invariants from a different point of 
view and introduced the notion of classes of forms. This enables one to see 
to the very heart of the theory and the finiteness theorem follows almost 
directly from the definition. Later,|| he proved the finiteness theorem for 
modular covariants. 


* Ueber héhere Kongruenzen, Archiv der Mathematik und Physik, ser. 
3, vol. 5 (1903), pp. 17-27. 

t Invariants of binary forms under modular transformations, these Transactions, 
vol. 8 (1907), pp. 205-232. 

t Anyone wishing to gain familiarity with this beautiful theory should read the article by 
Hurwitz mentioned above and Dickson’s papers, of which the most fundamental are I. General 
theory of modular invariants, these Transactions, vol. 10 (1909), pp. 123-158; II. Proof 
of the finiteness of modular covariants, ibid., vol. 14 (1913), pp. 299-310. Also one should read 
the brief but important paper by Miss Sanderson, Formal modular invariants with application 
to binary modular covariants, these Transactions, vol. 14 (1913), pp. 489-500. All 
results obtained up to 1914 are summarized in Dickson’s Madison Colloquium Lectures, and 
all essential results published up to August, 1922, are summarized briefly in Chapter 19 of his 
History of the Theory of Numbers, vol. 3. 

§ Dickson, I. 
|| Dickson, IT. 
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There is, however, an intimate relation between modular invariants and 
formal modular invariants. For Miss Sanderson’s theorem* tells us that, 
corresponding to any modular invariant, 7, of a system S under any group G 
of linear transformations with coefficients in GF [ p"], there is a formal invari- 
ant, J, under G such that J = 7 for all sets of values, in the field, of the coeffi- 
cients of the system S. This enabled her to construct modular covariants of 
a system S of binary forms, f;, from the modular invariants of another system 
S’, consisting of the forms f; and an additional linear form with coefficients x2 
and — 2,. Moreover, every modular covariant of S is a polynomial in the 
universal covariant, L = 2?" v2 — x2; xf", and the modular covariants ob- 
tained in the manner indicated by Miss Sanderson’s theorem.{ Since every 
algebraic covariant of S is obtained from the algebraic invariants of S’ with- 
out the need of any additional covariant, analogous to L, this result shows 
one of the fundamental differences between algebraic and modular covariants. 

In connection with this last remark, several minor results are of interest, 
as they point the way toward more general results. In 1920, it was shown that, 
for the field GF | p"| with p # 2, every modular covariant of a binary form, 
f, whose degree is not divisible by p, is expressible as a rational function of 
the universal modular covariants, L and Q, and of algebraic covariants of f. 
For formal modular covariants of f, there is a theorem which is more com- 
plicated in statement but similar in essence.t Then, in 1922, W. L. G. 
Williams announced that every formal modular seminvariant of f (aside from 
a power of ay) is a polynomial in the algebraic protomorphs and in 


B=ai — aap” 


for GF [ p] when the form f is such that binomial coefficients can be used.§ He 
also proved the analogous theorem for formal seminvariants of two or more 
binary forms. In this latter, it is interesting to note that, to a fundamental 
set of algebraic protomorphs, it is necessary to adjoin only one new semin- 
variant, namely, one of the same type as 8 but formed for any one of the forms 
fi. It will be seen that these results indicate relations between modular 
covariants and algebraic covariants, in spite of their superficial differences. 

3. Summary of this paper. We first explain a symbolic notation for formal 
modular covariants which is like that generally used for algebraic covariants 
in most respects, but is (necessarily) different from the latter in one essential. 

*These Transactions, vol. 14 (1913), pp. 489-500. 

t Hazlett, A theorem on modular covariants, these Transactions, vol. 21 (1920), 
pp. 247-254. 

t Hazlett, Associated forms in the general theory of modular covariants, American 
Journal of Mathematics, vol. 43 (1921), pp. 194-196. 

» § Fundamental systems of protomorphic formal modular seminvariants of binary forms, read 
before the Society (Rochester, N. Y.), Sept. 8, 1922. I saw this article in MS. after announcing 
to the Society (Toronto), on December 28, 1921, the results of Part III of this paper. 
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This notation, however, has the advantage that it can be used for both algebraic 
covariants and formal modular covariants; and thus, by its use, the proof of 
every theorem in this paper is such that it applies both to the modular and the 
non-modular cases. To help the reader appreciate the diversity of these two 
interpretations of this theory, the more important theorems are applied to a 
number of special cases. 

As in the symbolic theory of algebraic covariants, it is readily seen that all 
formal modular covariants are polynomials in a finite number of symbolic 
expressions having the invariant property. Then are proved several other 
elementary theorems which assume a simple and familiar form for algebraic 
covariants, but which, for formal modular covariants, assume a form rather 
strikingly different. 

It is then shown that every isobaric formal modular covariant, C, of the 
system S is congruent, in the field, to a function of the coefficients of S which 
is (in a certain general sense) an algebraic covariant of S. When, however, 
C is not isobaric, it is not congruent to an algebraic covariant of S; but it is, 
nevertheless, congruent to an algebraic covariant of an enlarged system, 8’, 
consisting of the forms of S and other forms obtained from the forms of S by 
replacing the coefficients of S by their p"th powers. By various devices, there 
are expressed in symbolic form the formal modular invariants of a fundamental 
set for the cubic, modulo 2, and for the quadratic, modulo 3; and the above 
theorems are verified. 

Finally, by using the same theorems, we prove that the set of all formal 
modular covariants of any binary system, S, with respect to the Galois field, 
GF [p"], is such that (1) all syzygies among them are consequences of a finite 
number of such syzygies; and (2) all formal modular covariants are expressible 
as polynomials in a finite number of such covariants. 


Part II. SyMBoLic NOTATION 

4. Explanation of the notation. As in the theory of algebraic covariants, 
formal modular covariants of a binary form, f, assume a form which is both 
simple and elegant when the form f is expressed as a product of symbolic linear 
factors. In the theory of algebraic covariants, it is customary to express a 
binary form f of degree m as a symbolic mth power; but, for reasons which 
were explained elsewhere in detail,* it is not possible to express the general 
form f of degree m as a symbolic mth power and then express all formal modular 
covariants by means of these symbols for the general Galois field. 

For this reason, represent 


f = aoa? + at + 
* New proofs of certain finiteness theorems in the theory of modular covariants, these Trans- 
actions, vol. 22 (1921), pp. 152-153. 
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f = Taz, = + a2 = (01,21 + (81 + Bo 2) 


where it is understood that there are m symbolic factors which are symbolically 
distinct, and consider its formal modular covariants under the group of trans- 
formations (1) where the £’s and n’s are any marks of the Galois field, GF [ p"], 
of order p” such that the determinant is not zero in the field. Then, as has 
been proved elsewhere,* every rational integral covariant (both classic and 
modular) of f is a polynomial in the symbols a, 8, --- and in the z’s. The 
converse is also true; though, in order that a polynomial in the 2’s and in the 
symbols be rational in the a’s, (i) it must be symmetric in the m pairs (a1, ae), 
(8,, Bs), «++ and such that each term contains as many a’s as #’s, as many 
8’s as y’s, ete.; or (ii) it must be a sum of a number of expressions described 
under (i). Similar remarks apply to covariants of several binary forms. 
For convenience, any polynomial in the 2’s and the symbols which has the 
invariantive property under a transformation of the group will be called a 
symbolic covariant, even if it do not satisfy the conditions that it be rational 
in the a’s. 

5. Fundamental set of symbolic covariants. Early in the symbolic theory 
of algebraic covariants, it is proved that all algebraic invariants are expressible 
as polynomials in a finite number of symbolic invariants of the type 


(a8) = a; By — ae By. 


Similarly, all algebraic covariants are expressible as polynomials in a finite 
number of symbolic covariants of the type (a8) and a, = a1 2%1 + a2 2%. 
For formal modular covariants we have a similar theorem, though we have 
to use new types of symbolic covariants. 

For simplicity, we shall first consider covariants of a single form, f = 7a,. 
Now it is known that the pair (a1, a) is pseudo-cogredient with (22, — x1) .T 
Accordingly, any formal modular covariant may be regarded, for any purpose 
not involving the notions of weight or index, as if it were actually an invariant 
of m + 1 cogredient pairs, consisting of the pairs of symbols and the pair 
(x2, — #1). But it is known that the formal modular invariants of a number 
of cogredient points have the finiteness property.{ Notice that this argument 
applies equally well to a system of binary forms, and thus we have 

TueoreM I. All rational integral formal modular covariants of a system of 
binary forms, fi = 7 (a1 + a2 = a, 8, +++, with respect to the Galois 


* Preceding reference, top of p. 153. 
+ That is, the two pairs are cogredient aside from a multiplicative factor which is a power 
, of the determinant of the transformation. 
t F. B. Wiley, Proof of the finiteness of the modular covariants of a system of binary forms and 
cogredient points, these Transactions, vol. 15 (1914), pp. 431-438. 


1922 } FORMAL MODULAR COVARIANTS 293 


field GF { p"], of order p", are polynomials in a finite number of symbolic co- 
variants which are polynomials in the x’s and in the a’s, B’s, +++. 

6. Illustration of Theorem I. Dickson* has shown that all formal modular 
invariants of the binary quadratic f = ao 2] + 2a; 21 x2 + a2 22, modulo 3, 
are polynomials in 

A = aj — am, J = ao Yo = + ay + a2) (ao + 2a; + a2) a2, 
B=6yn = a; (aj ao) (az — do) (a3 ai), 
I’ = (a9 + az) (2a9 + 2a; + a2) (2a9 + a) + az). 

If we express f in symbolic form (§ 4) asf = (a1 21 + a 2) (8: 21 + B2 22), 
then dp = a; 81, a; = — (a; 82 + a2 B,) mod 3, a2 = a2. Hence it is 
readily seen that 


A=(a8)?, J = (68), 

(a*B) 

Tr=-WN, (mod 3), 
where 


Ni = (8° 8B) — (6° a)? (a? a) ]/( a8)? 


is one of a fundamental set of formal invariants of the pairs (a, a.) and 
(81, 82) and is an integral function of the a’s and 8’s. Thus Theorem I is 
verified for this case. Note, also, that the rational invariants of f are ex- 
pressible as rational functions in the determinantal symbolic invariants, 


(a8), (a° B), (aB*), (aa), (BB). 


Part III. RELATION BETWEEN CLASSIC AND MODULAR COVARIANTS 

7. Two kinds of congruences. In the following sections, we shall frequently 
have to distinguish between two kinds of congruences, identical congruences 
and residual congruences. Two polynomials (2) and ¢2 (2), with in- 
tegral coefficients, are said to be residually congruent with respect to the field 
GF [ p"] if o1 (2) = ¢2 (x) whenever z is any mark of the field; if, however, 
o; (x) = 2 (2) when 2 is any number whatsoever, then ¢; (2) is said to be 
identically congruent to @2 (a). For example, x?” = z is a residual congru- 
ence, and (p + 1)a = z is an identical congruence. 

Moreover, if ¢; and ¢2 are polynomials in two sets of variables, the x; and 
yi, then we might have a congruence which is residual as far as the 2’s are con- 
cerned, but which is identical as far as the y’s are concerned. For example, 
when C is a modular covariant, (3) in § 2 is a residual congruence as far as the 
a’s are concerned but is an identical congruence as far as the 2’s are concerned. 
If, on the other hand, C is a formal covariant, then (3) is an identical con- 
gruence with respect to both the a’s and the 2’s. In each case, however, (3) 


* Madison Colloquium Lectures, p. 42. 
Trans. Am. Math. Soc. 20. 
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is a residual congruence with respect to the &’s and y’s. Since there is no 
simple notation which will indicate those variables with respect to which a 
congruence is residual, we shall indicate them in words directly after each 
congruence. 

8. Manner in which covariants are transformed. An algebraic covariant, 
C’, is usually defined as a function such that its transform, C’, is given by the 
formula C’ = D” C where D is the determinant of the general transformation 
of the group; but it is often defined as a function such that C’ = MC where M 
depends merely on the coefficients of the transformation, and the multiplier 
is then proved to be a power of D. Now it has been customary thus far to 
define a formal modular covariant in a manner analogous to the first of these 
methods, but, in this paper, we shall use the second definition and then prove 
it is equivalent to the first. 

Although the definition of a formal modular covariant says nothing explicitly 
about the nature of its transform except for values of the £’s and 7’s in the 
field, let us see if this indirectly imposes any restriction on the actual form of 
the transform before we reduce the exponents of the £’s and y’s by Fermat’s 
theorem. For example, under the transformation (1), LL; = aj" a. — a, ag" 
is replaced by the same function of the primed letters, which is identically 


equal to 


D, af’! + De at" ag — Ds a + Dy 
where 
D, = — = & — nT &, 
Ds = £1 2" — m, Dy = £3" — nb’. 
It will be observed that each D; is a formal modular invariant of the two pairs 
(£1, m.) and (&, m2) when they are transformed cogrediently, and that 
D, = Dy = 0, D, = D3 = D, when the ’s and 7’s are all in the field. 
Let C be any formal covariant of the system S. Then, under (1), C formally 


—i.e., before any reduction is made modulo p—goes into 
(4) C(a’; 2’) = =D; 7) Pi (a; 


where each D,* and each P; is a polynomial in its arguments. _ If (1) is followed 
by the transformation 
. ” ‘ 
a, =e +f, 2% (i= 1,2), 
where 


A =e: fe — exfi #0 (in the field), 
this is equivalent to applying to the original forms of S the single transformation 


” 
2 


(1’) n; v2 (4 1,2 


* * These multipliers, D;, will depend on the covariant, C. When C is L, then the D’s are 
as given in the preceding paragraph. 


) , 
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where the two pairs (£;, ;) and (£, 72) are obtained respectively from the 
pairs (£1, 71) and (£, m2) by applying the transformation of matrix 


fi fe 

Accordingly, if in (4) we replace the a’ and the 2’ by the corresponding a” 
and 2x’’, and apply the transformation (5) to the pairs (£, 7), then we get an 


equation of the type (4) but formed for the new transformation (1’). Thus, 
before any reduction is made modulo p, 


(4’) C(a”; = =D; 0’) Pi (a; x); 
and also 
(6) C(a”"; = MC(a’;2') (in the field), 


whenever the e’s and f’s are in the field. Both (4) and (4’) are ordinary 
equations, but (6) is a congruence in the field, being an identical congruence 
with respect to the a’s and z’s. Combining these, we have 


D; (&, 0’) = MD; (&, 7) 


as an identical congruence in the £’s and n’s._ Hence we have proved 

TueoreM II. Jf C is qny formal modular covariant of a system, S , of binary 
forms with respect to the Galois field GF[p"]|, of order p”, then under any 
linear transformation (1) of the group, C is formally replaced by an expression of 
the form =D; (&, ») Pi (a; x) where each P; is a polynomial in the a’s and x’s 
and each D; is a formal modular invariant of the two cogredient pairs (£1, 71) 
and (&, m2). 

In a later section, we shall prove that each D; which is not congruent to 
zero when the £’s and 7’s are in the field is congruent to a power of D (the 
determinant of the transformation) whenever the £’s and 7’s are marks of the 
field. For isobaric covariants, see Lemma 4 ($10); for pseudo-isobaric 
covariants, see § 16. 

Note that this proof holds equally well for classic covariants, and thus, both 
for classic covariants and modular covariants, the theory of covariants of a 
system of binary forms has its foundations in the theory of invariants of two 
cogredient points. The essential differences between the modular and classic 
theories are, accordingly, associated with two facts: (1) in the classic case, all 
invariants of two cogredient points are polynomials in one invariant, the 
determinant & 72 — 71 £2; whereas, in the modular case, several other types 
arise; (2) in the classic case there is no invariant, other than zero itself, which 
vanishes whenever the ~£’s and y’s are in the field; whereas, in the modular 
case, there are invariants of the two pairs which are not identically congruent 
to zero and yet vanish whenever the ¢’s and 7’s are in the field. From (1) 
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we see why the transform of a modular covariant is not in general identically 
a multiple of the original covariant, and from (2) we see why the transform of 
a modular covariant in general contains terms having no counterpart in the 
original covariant, before Fermat’s theorem is, applied. Both remarks are 
illustrated by L at the beginning of this section. 

9. Remarks on isobarism. Another fundamental difference between alge- 
braic and modular covariants was mentioned in the introduction and will now 
be discussed briefly. An algebraic covariant is always isobaric—i.e., all its 
terms have the same weight.* In fact, an elementary way of determining 
classic invariants of f(a; x) is to write down a general linear combination of 
all possible terms having the same degree in the a’s and the same weight and 
then determine what the coefficients of these terms must be in order that the 
expression be an invariant of f.{ But a modular covariant is not in general 
isobaric, though the weights of any two of its terms can differ at most by a 
multiple of — 1. 

These differences are well shown by the algebraic invariants of 


f = ag + 2ay xy + 23 


and the formal invariants of the same form, modulo3. All algebraic invariants 
of f are polynomials int 
A = aj — 


and the modular invariants are polynomials in A, J, B and T' (see $6). It 
will be noticed that of the modular invariants, only one is isobaric and that is 
the one which is also an algebraic invariant of f; the weights of any terms of 
the others differ at most by multiples of p" — 1 = 2. 


ISOBARIG COVARIANTS 


10. Preliminary lemmas. 

Lemma I. Let C be a formal modular covariant of a system, S, of binary 
forms and a number of cogredient points under a group G with coefficients in the 
Galois field GF |p"), of order p". Then, if C is isobaric, it is invariant modulo p 
under any transformation (1) where the &’s and n’s are independent variables. 

For, since C is invariant modulo p under the transformation 


7:2, 
, 

= 


*In the binary form f = a) 2% + a, 2%"! a2 + +++ +an2™, the weight of the coefficient 
a; is defined to be 7, and the variables x, and z2 are assigned the weights 1 and 0 respectively. 
See any standard book on algebraic invariants, such as Elliott, Algebra of Quantics, first edition, 
pp. 36, 48; Dickson, Algebraic Invariants, pp. 31, 38. 
. t For examples, see Elliott, pp. 125-126; Dickson, pp. 36-37. 
t Dickson, Algebraic Invariants, pp. 48, 84; Elliott, loc. cit., pp. 98-99. 
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and is isobaric, it is formally invariant, modulo p, under any transformation 
a = 2, + kei, 
= 
where k is a general non-zero scalar. Again using the isobarism, it follows 
from this last that C is invariant modulo p under the transformation 
(7) ay = + kext, 


= Ve. 


Also, C satisfies the condition for covariancy under the transformation 

= 

(8) 
1 


without using Fermat’s theorem. Now, using (7) and (8) in conjunction 
with the isobarism, we prove the lemma. 

Lemma II. Jf a formal modular covariant is isobaric, then every one of its 
factors is necessarily isobaric. 

For, let C; and C, be any two formal modular covariants which are not 
isobaric. Then the totality of terms in C; Cz which have the greatest (least) 
weight is simply the product of the terms of C, which have the greatest (least) 
weight by the terms of C. which have the greatest (least) weight. The lemma 
follows at once. 

Lemma III. When a formal modular covariant C is isobaric, each of the 
multipliers D; (&,) of Theorem II is also isobaric. 

For, by Theorem II, under any transformation (1), we have (3) holding 
formally as to the a’s, 2’s, £’s and 7’s. Since C is isobaric, it is invariant 
whenever 2; or 22 is multiplied by p, where p is any non-zero scalar. This 
means that the right member of (3) is homogeneous in £ and 7;, and also in 
£ and ye. Being also invariant whenever we interchange the 2’s, the right 
member of (3) must be of the same degree in £ and 7; that it is in & and 2. 
Hence, if w;, we, wz and w, are the degrees of any term of some D; in £,, m1, & 
and m2, respectively, then w; + we = w3 + ws. Similarly, since C is invariant 
formally whenever 2; or x, is multiplied by p, we have w; + w3 = we + wy. 
Therefore = ws and = w3. 

Lemma IV. When a formal modular covariant, C, is isobaric, each of the 
multipliers D; of Theorem I is either identically congruent to zero or to a power 
of the determinant, D, of the transformation. 

By Lemma III, D; is a linear combination of terms of the form £ n{~* &?-* nf, 
where w is constant for a given covariant, C; and thus each D; which is not 
congruent to zero for every transformation of the group is of the form* 

* For if D; is not congruent to zero when the é’s and 7’s are in the field, then it must be 


equal to unity for the identical transformation and hence must contain a term in £7 3 with 


coefficient unity. 
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(9) D; = (£192 — m &)” + Ai, 


where A; is divisible by 9; £2 and vanishes whenever the £’s and 7’s are in the 
field. But D; and & 2. — 7 & are both formal modular invariants of the 
two pairs, (£;, 7; ), and are also isobaric; hence A; is likewise. Being divisible 
by m and £&, A; is divisible by LZ; = &" — 1,2). By Lemma 
II, this is impossible unless A; is identically zero in the field. Finally, each 
D; which is congruent to zero whenever the £’s and 7’s are in the field is of the 
same type as the A; above. Thus the lemma is proved. 

11. Isobaric seminvariants in terms of the roots. If a formal modular 
seminvariant J of a system, S, of binary forms with respect to the field GF [ p” ] 
is isobaric, then, by Lemma I, it is invariant, modulo p, under any trans- 
formation 

2,+ Met, 
(10) 


where M is a general scalar. Hence, as in the theory of algebraic semin- 
variants, we can prove 

Lemma V. Let I be any isobaric formal modular seminvariant of a system, 
S, of binary forms with respect to the Galois field, GF{ p"], of order p” which is 
of degree d and weight w. Then I is congruent, modulo p, to the product of a} by 
a symmetric polynomial, S, in the symbolic ratios a2/a,, B2/Bi, «++ which is 
homogeneous in these ratios of degree w. Moreover, S is expressible as a poly- 
nomial in the differences of these ratios. 

The proof proceeds as in the theory of classic seminvariants, but (for the 
sake of completeness) we shall reproduce it for the case when S contains only 
one form. Since J is isobaric, it can not contain dp as a factor, by Lemma II. 
Hence I is aj multiplied by a polynomial, S, of degree d in a;/ao, a@2/ao, +--+, 
Gm/ag. Thus S is a polynomial in the elementary symmetric functions of the 


symbolic ratios 


and is of degree d in each such ratio; and since I is isobaric, S is homogeneous 
in these symbolic ratios of total degree w. 
But, since I is formally unaltered, modulo p, under transformation (10), 
it is formally unaltered, modulo p, when the symbolic ratios are diminished 
by any scalar, M. Accordingly, set 


Be _ =) 
Bi (3 ay 


‘and similarly with the other ratios; and thus 


» 


ay 


a2 — 
Q2 


1922] FORMAL MODULAR COVARIANTS 299 


where each A; is a polynomial in the differences such as (8,/81) — (a2/ar), 
— As in classic invariant theory, this is impossible 
unless the A; (i = 1) are all zero in the field. Hence the lemma is proved. 
The converse is also readily proved, but will not be needed here. 

12. Isobaric invariants in terms of the ratios. When / is an isobaric formal 
modular invariant of a binary form, f, then (by Lemma I) its transform under 
any transformation (1) when the £’s and y’s are general scalars is connected 
with J by the relation (2), where (2) is an identical congruence as to the a’s 
and thus is essentially of the same type as the corresponding relation for an 
algebraic invariant of f. Hence, as in the theory of algebraic invariants, we 
can prove for invariants the result which is a generalization of Lemma V. 
A similar argument obtains for an invariant of a system of binary forms and 
hence for covariants of a system of forms.* Thus we have 

Lemma VI. Let C (a formal modular covariant of a system S of binary forms, 
fi) be of degree d; in the coefficients of f; and of degree d in the variables, x; and x2, 
and let it be isobaric of weight w. 

I. Then C is identically congruent, modulo p, to Wag! x3 multiplied by a linear 
combination, K, of products of the expressions (2/22) + (a2/a,), and of dif- 
ferences of the type (82/81) — (a2/ai), where the a’s and B’s may be symbols 
arising from the same form, f;, or may be symbols arising from two different forms. 

II. Moreover, K is homogeneous in the symbols for each form, f;, and such 
that each ratio a2/a, for this form, f;, occurs in exactly d; factors in each product. 

III. Finally, K is symmetric, modulo p, in these symbols for each form f;. 

In applying the results of §$ 11 and 12, the reader must remember that, 
although the seminvariant (or invariant) is always symmetric in the pairs 
(a1, a), (81, 82), «++ in the form in which it first appears, yet the poly- 
nomial, K, in the differences (82/8;) — (a2/a,) is not in general symmetric 
in the ratios a2/a1, 82/81, ---, but is merely symmetric modulo p. For the 
binary quadratic f = ao aj + a) 2, & + a2 x; = a, 8, has the formal modular 
invariant a; = a; Bz + a2 = a; Bi | — (a2/a,)], modulo 2. The 
first is actually symmetric; but the second is not symmetric, though it is 
symmetric modulo p = 2. 

13. Isobaric formal covariants as algebraic covariants. From Lemma VI 
it is evident that, if we express ao for each form, f;, in terms of the symbols, 
we have 

TueoreM III. Every isobaric formal modular covariant, C, of a system of 
binary forms is expressible as a polynomial in symbolic covariants of the type 
Gz = A X1 + G2 X2 and in determinantal symbolic invariants of the type 


* For every formal covariant of the system S is a formal modular invariant of the system 
S’ consisting of the forms of S and the additional linear form 1 = X22; — X, 22 in which 
X,, X2 have been replaced by 21, 22, respectively. The proof of this is the same as for algebraic 
covariants. 
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(a8) = Bz — By. 


But it is well known that the product, P, of x3 IIajt by any expression, K, 
in the symbols satisfying the conditions I and II of Lemma VI is an algebraic 
covariant of the system S of forms, though not necessarily a rational one.* 
A necessary and sufficient condition that P be rational in the coefficients of f; 
is that K be actually symmetric in the ratios 62/81, a2/a1, --- formed for f;. 
This is stronger than condition III of Lemma VI, as is illustrated by the 
symbolic invariant (a) for the binary quadratic, mod 2 (see § 12). The kth 
power of (a8) is symmetric, mod 2, for any k; but is actually symmetric 
only when k is even. Thus we have 

Corotiary 1. Every isobaric formal modular covariant of a system, S, of 
binary forms with respect to the Galois field, GF | p"] of order p", is congruent, 
modulo p, to an algebraic covariant of S , either rational or irrational. 

But every irrational algebraic covariant of S is known to be a root of an 
algebraic equation whose coefficients are rational, algebraic covariants of S, 
and thus we have 

Coro.itary 2. Every isobaric formal modular covariant of S is congruent, 
modulo p , to a root of an algebraic equation whose coefficients are rational algebraic 
covariants of 8. 

PSEUDO-ISOBARIC COVARIANTS 

14. Informal discussion. In the preceding sections, we have considered 
formal modular covariants that are actually isobaric and have seen that, in 
many ways, such a covariant is much the same as an ordinary classic covariant. 
But if a formal modular covariant is not isobaric, what then? For example, 
consider the formal modular invariants of a point with respect to the field 
GF[p"]. Any such invariant, J, whose degree, d, is less than p* + 1 must 
be an ordinary invariant of the point. For, since the weights of any two 
terms would have to be congruent, mod p" — 1, J would have to be of the 
form Azt’~' + Bx"-' where A and B are constants. But, if the degree is 
< p", there is no opportunity to apply Fermat’s theorem to the coefficients 
of the transformation, and thus J must be invariant in the classic sense and 
therefore identically zero in the field. If p" < d S p*", it can be shown by a 


* Dickson, Algebraic Invariants, p. 55, ex. 7; Elliott, loc. cit., p. 93. (Some people do not 
agree with my statement, and (in justification) say that P in general has no actual meaning 
in the a’s. But any polynomial, P, in the symbols which is not actually symmetric in the 
symbols, a@;, a2, 6:1, 62, -*+ for a particular form, f;, is a root of an algebraic equation whose 
coefficients are the elementary symmetric functions of P and the other symbolic invariants 
obtained from P by interchanging any two pairs of symbols for this form f;; and hence P is a 
root of an algebraic equation whose coefficients are polynomials in the coefficients of f;. Simi- 
iarly, P is a root of an algebraic equation whose coefficients are polynomials in the coefficients 
of S, and thus P is an algebraic function of the coefficients of S, though it is not necessarily 
an explicit algebraic function of these coefficients. Hence why is it not an algebraic covariant 
of 8?) 


1922 FORMAL MODULAR COVARIANTS 301 


similar argument that either J is an ordinary invariant of the two cogredient 
pairs, (21, 22), (a%", 2%"), and therefore J = kL where k is a constant and 
L = 2x" x. — x; x4"; or LI is an ordinary invariant of the two cogredient 
pairs (21, 22) and (a?*", 23°"), and therefore LI = k (2 x2 — a, 247"). 
In fact, it is well known that all formal modular invariants of the point (21, 22) 
are polynomials in L and Q = (2%*" a — a x3°")/L. This might be stated 
more strikingly by saying that every such invariant is a rational, integral 
algebraic invariant of three points, or is a quotient of two such invariants. 
Moreover, a similar statement is true of the formal modular invariants of a 
pair of cogredient points, (21, 2) and (y1, y2).* Is this true more generally? 

15. Preliminary lemmas. Consider a formal modular invariant, J = >J;, 
of the binary form f(a; 2) which is of degree d and which is not isobaric. In 
particular, let Jy be a term of I whose weight, wo, is less than or equal to that 
of any other term of J, and let J; be any other term of J. Then, since J is 
pseudo-isobaric, the weight of J; will be w; = wo + 1(p" — 1) where 1 is an 
integer, positive or zero. When the coefficients of f(a; x) are replaced by 
the corresponding functions of the symbols a1, a2, 61, 82, «++, I is homo- 
geneous of degree md in these symbols. Also, if J; is of weight w;, it is of 
degree md — w; in symbols with subscript 1 and of degree w; in symbols with 
subscript 2. Their difference, md — 2w;, we shall call the excess, as in classic 
invariant theory. 

Lemma VII. The excess of any term of a formal modular covariant is con- 
gruent to zero, modulo p" — 1.7 

For, by interchanging the subscripts 1 and 2 throughout J, it follows that 
I contains a term whose degree in the symbols with subscript 1 is w; and whose 
degree in the symbols with subscript 2 is md — w;, and therefore of weight 
md — w;. Hence md — w; = w; (mod p" — 1), and the excess of any term 
‘of J is a multiple of p” — 1, say E; (p" — 1). 

Now J" is identically congruent in the field to >>" ,t and thus the latter 
is a formal modular invariant of f(a; 2). It may also be regarded as an in- 
variant of f(a"; 2), but we shall show that it is better for our purpose to 
regard it as a simultaneous invariant of f(a; 2) and f(a?"; 2). 

For in J?" the term 1%” is of excess Eo p" (p" — 1), and hence, if we replace 
Eo (p" — 1) factors of the form a" by as many factors of the form a,, the 
excess of the resulting symbolic expression is 2p (p" — 1). If wo = Eo, then 
by replacing FE» additional factors of the form a?" by as many factors a, 


*W.C. Krathwohl, Modular invariants of two pairs of cogredient variables, American 
Journal of Mathematics, vol. 36 (1914), pp. 449-460. 

+ After finishing this MS., I discovered that Professor Glenn stated and proved this in 
Concerning an analogy between formal modular invariants and the class of algebraic invariants 
called Booleans, American Journal of Mathematics, vol. 37 (1915), p. 75. 

t Dickson, Linear Groups, p. 15. 
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the excess of the resulting symbolic expression is zero. J*" is now of degree 
Ey p” in a’s having subscript 1 and of degree zero in @’s having subscript 2; 
also, it is of degree (wo — Eo) p” in a’s having subscript 1 and of degree wo p” 
in the a’s having subscript 2. Here and elsewhere in this work, we use the 
expression “symbols a’s” to denote any and all symbols such as a, a2, 81, 1, 

--: similarly with the expression “symbols a.” 

Moreover, if wo 2 Eo, the same device will serve to make all terms of J?” 
of excess zero and also to make all terms of the same weight, we. For the 
weight of any term, J,, of I is wo +k(p" —1) and hence is of excess 
(Ey — 2k) (p" — 1) which we shall assume positive for convenience. Accord- 
ingly, if in 72" we replace (2) — 2k) (p") factors of the form a" by as many 
factors a1, the result is of excess zero, but of weight [wo + k(p" — 1)] p”. 
Next replace kp" factors a?" by as many factors a; and replace kp" factors 
a” by as many factors a2, and we get an expression whose excess is zero and 
weight is wo p". This is legal, since wo = Lo —k + 1 andwo=k. In case 
the excess of I, is negative, interchange the subscripts 1 and 2 in the foregoing 
by an argument similar to that used in Lemma VII. Thus the remark at the 
beginning of this paragraph is proved. 

For convenience, we shall speak of the a’s, B’s, --- (the symbolic coefficients 
of the linear factors a,, 8, of f(a; 2)) as the primary symbols; and we 
shall speak of the totality of the original symbols a;, a2, 81, Be, «++ together 
with the new symbols a1, a2, 61, 82, ---, and any other symbolic coefficients 
introduced in the above manner as the secondary symbols. 

We see, accordingly, that every pseudo-isobaric formal modular invariant, 
I , of f(a; x) is such that a suitable power of J is isobaric in the coefficients of 
the symbolic linear factors of f (a; x) and of f(a”"; 2), provided 0 ¥ wo = Eo. 
Even if 0 # wo < Eo, this argument shows that the excess of J]®" in the 
secondary symbols is (£y — wo) (p" — 1) less than that of the original J. 
But, since the excess is finite, it follows that, by repeating this process at most 
{ Eo/wo]* times, we prove Lemma VIII for the case wo ¥ 0. It will be ob- 
served, however, that for this purpose we have to introduce another set of new 
symbols, say a1, @2, 81, 82, «++, and possibly still other sets having three or 
more dashes. These, together with those introduced above, we group under 
the heading “secondary symbols.” 

When wy = 0, we first multiply J by any invariant which is not an absolute 
invariant and then proceed as above. Thus we have 

Lemma VIII. Let I be a pseudo-isobaric invariant of a binary form 


f(a;x) = Ila, 


with respect to the Galois field, GF [ p"], of order p"; and let the lowest weight of all 


* Here [| £o/wo] means the smallest integer which is not less than Eo/wo. 
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the terms of I be denoted by wo. Then, if wo ¥ 0, some finite power of I is con- 
gruent to a polynomial in the secondary symbols for f which is isobaric. If 
wo = 0, then some power of I is congruent to the quotient of two polynomials in 
the secondary symbols each of which is isobaric For examples, see Part IV. 

16. Pseudo-isobaric modular covariants as algebraic covariants. Let J de- 
note that formal modular invariant of f which is obtained as a result of applying 
the method of Lemma VIII to the pseudo-isobaric invariant J and which is, 
accordingly, isobaric of weight w in the secondary symbols. If we apply to 
J the transformation (1), then the transform J’ = J (a’) is identically equal to 


(12) J (a’; a’; a’; = Dy (é, n) Py (aj a; a; 


where each D, (i) is a formal modular invariant of the two pairs (£,, 7: ) and 
(£, m2), (ii) is congruent to zero or to DY” whenever the £’s and 7’s are all in 
the field, (iii) is isobaric of weight w in the &’s and y’s; and where 7 is a poly- 
nomial in the £’s and y’s and in the secondary symbols which vanishes whenever 
the dashed symbols are replaced by the proper powers of the corresponding 
primary symbols. That is, J is not in general an invariant function of the 
secondary symbols when these symbols are taken as independent, but it is an 
invariant function when the dashed symbols are replaced by the proper ex- 
pressions in the primary symbols. 

Since J is isobaric in the secondary symbols, Lemmas I-IV apply to J. If 
we proceed to Lemma V, we see that the proof applies to J with the exception 
that, since J is not in general rational in the coefficients of f(a; 2), f(a"; 2), 
f(a"; x), +++, then J is not in general congruent (modulo p) to the product 
of a’ by a symmetric polynomial, S, in the secondary symbolic ratios; but, 
nevertheless, J is congruent (modulo p) to a product of secondary symbols 
with subscript 1 by a polynomial, S , in the secondary symbolic ratios. Hence, 
as before, S is expressible as a polynomial in the differences of the secondary 
symbolic ratios. ‘Thus the proof of Lemma VI applies to J with the restric- 
tions noted. 

Hence we prove Theorem III and its corollaries for J, and we have 

TueorEM IV. Jf I is a formal modular covariant of a system of binary forms 
with respect to the Galois field GF { p" | of order p” , then I* (where q is a sufficiently 
large integer) 1s congruent to one of the two following forms: 

(1) a polynomial in symbolic covariants of the types az, ax, Az, (a8), (AB), 
etc., where X = x” and A = a?’; 

(2) a quotient of two polynomials described in (1). 

Since these symbolic expressions are (symbolic) algebraic covariants of 
f(a;x), f(a"; x), etc., we have 

Corotiary 1. Every pseudo-isobarie formal modular covariant, C, of a 
system S of binary forms with respect to the Galois field GF |p" is congruent, 


- 
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modulo p, to a symbolic algebraic covariant, C, of the forms of S and certain 
related forms obtained from the forms of S by replacing each coefficient of these 
forms by its p"th power. 

In particular, this means that the function J may be chosen in such a way 
that, under the transformation (1), J goes into J’, where J’ is equal to (not 
merely congruent to) DY J, when J is expressed as an isobaric function of the 
secondary symbols. Note, however, that J is not necessarily rational in the 
coefficients of the forms of S and the related forms. These remarks are 
illustrated by examples given in Part IV. 

17. Finiteness of determinantal symbols. In the preceding section, we 
proved that all formal modular invariants J of a binary system, S, are con- 
gruent, modulo p, to rational functions in symbolic invariants of S of a certain 
special type called determinantal symbols. That is, J is congruent, modulo p, 
to a rational function of symbolic invariants of the types (a8), (a@?" a) and 
symbols obtained from these by replacing a pair of symbols by their p"th 
powers one or more times. Conceivably, as the degree of J increases, the 
degree of the requisite determinantal symbols might increase without bound, 
so that we would need an infinite number of determinantal symbols to obtain 
all formal modular invariants of S. 

But, in Part II, we proved that all formal modular invariants of S are con- 
gruent to polynomials in a finite number of symbolic invariants which are 
formal modular invariants of the (symbolic) coefficients of the symbolic linear 
factors of the forms of S. Now apply Theorem IV to these symbolic in- 
variants, and we see that all symbolic invariants of S are congruent to rational 
functions of determinantal symbols. Hence we have 

THeorEM VY. All formal modular covariants of a system of binary forms are 
congruent, in the field, to rational functions of a finite number of symbolic co- 
variants of the types described in Theorem lV. 

In fact, this theorem could have have been proved directly in much the 
same manner as Theorem IV was proved and then Theorem IV would have 
followed as a corollary of Theorems I and V. 


Part IV. EXPRESSION OF COVARIANTS IN SYMBOLIC FORM 
18. Method for algebraic covariants. In the symbolic theory of algebraic 
covariants, after proving that every such covariant is expressible as a poly- 
nomial in symbols of the two types, (a8) and a,, there is then given a clear- 


cut method for expressing any covariant in terms of these symbolic covariants. 
For completeness, this method will be reproduced here, as we shall need to 
refer to several of the results. 

Let J be any algebraic invariant, of weight w, of a system of forms whose 
coefficients are the a’s; and let J (a’) be its transform under (1). Under this 


a 
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transformation, a; and a2 go into a; and a,, respectively; and similarly for 
the 8’s, y’s, etc. Just as the a’s are polynomials in a1, a2, 81, 82, «++, so 
their transforms are polynomials in a;, a,, B:, 8,, *-*. Hence, in the equa- 
tion (2), 

(i) replace every a’ by the corresponding polynomial in a¢, a,, etc.; 

(ii) operate on both sides of the resulting equation w times with 


(iii) divide both sides of the result of (ii) by (w+ 1)!w!. 
From the left we get a polynomial in the symbolic invariants of the type 
(a8), and from the right we get J(a). 

In proving this, use is made of the following: 

Lemna A. 


VY = (wt 1)!w!. 


Lemma B. The result of operating by V” on a product of k terms of type a; 
and l terms of the type 8B, is a sum of terms each containing k — w factors a;, 
l — w factors B, and w factors (a8). 

19. Difficulties in modular case. It is at once evident that this method is 
not applicable directly to formal modular invariants, since the divisor in (iii) 
is congruent to zero in the field whenever w= p—1. This difficulty, of 
course, might be superficial in the sense that it might be due to some accidental 
peculiarity in the proof and not to any essential characteristic of the problem; 
but, as will be apparent presently, there is a deep-seated difficulty. 

Lemma B is proved by direct verification combined with induction, and 
thus is lost the full significance of the reason why it is true. Now each symbolic 
expression a; and each 8, is an invariant of the two points (£1, & ) and (m1, m2), 
which are transformed cogrediently when the original variables are subjected 
to any linear transformation 


Xe = + vie, 
thus replacing (1) by 
, 
Zo = £221 + 9222, 


where the £’s and 7’s are cogredient with the z’s. Moreover, V is an invari- 
antive operator whenever the é’s and ’s are transformed cogrediently. Lemma 
B is an inevitable consequence of these facts. 

If we look at Theorem II (§ 8), we see that in the modular case we have 
the identity (4) where each D; is a formal modular invariant of (£1, 7; ) and 


306 O. C. HAZLETT [ December 


£2, m2) when they are transformed cogrediently; but D; is not in general a 
formal modular invariant of the two pairs (£1, £) and (m1, 72), though it 
is clearly a modular invariant of these pairs. Moreover, the only way to 
operate on a product of a number of symbols of the type a; and 8, in such a 
way as (i) to eliminate the é’s and 7’s and (ii) to obtain as result a formal 
modular invariant of the a’s, 8’s, etec., is to use an operator which has the in- 
variantive property when (£,, and (1, 72) are transformed cogrediently. 
Now the natural analogues of V for the formal modular case are, by Theorem 
II, those formed on 


m — nit ete., 


as models—i.e., by replacing each £ by the operator indicating partial differ- 
entiation with respect to that £, and similarly with the ’s—but they can not 
give the desired results since these operators are not invariantive when the é’s 
are transformed cogrediently with the n’s. 

20. Significance of results of Part III. Such is the essential difficulty of the 
problem and such is one of the reasons for proving the theorems of Part III. 
There it is shown that (i) if C is isobaric, then each D; is an algebraic invariant 
of the two pairs (£1, 71) and (£, 2) and hence is an invariant of the two pairs 
(&:, &) and (m1, 2); (ii) if C is not isobaric, then a suitably high power of 
C, say C%, is such that, when (2) is formed for C*%, then each D; is an algebraic 
invariant of the two pairs (£;, ;) and (£, 42) and hence is an invariant of 
the pairs (£, &) and (m1, 72). In view of the remarks of § 19, these results 
smooth out some of the difficulties. 

21. First method. Let J be any formal modular invariant of a system S of 
binary forms with respect to the Galois field, GF [ p"], of order p”, and let J 
be a formal modular invariant of S which is obtained from J by applying the 
method of Lemma VIII and which is isobaric in the secondary symbols. The 
first method of expressing J in symbolic form is suggested by the proof of 
Lemma V ($11). Although it lacks originality, it has the advantage that it 
leads at once to a result without exception or qualification. If J is of degree 
d; in the coefficients of f;, divide J by raj‘ where the a; range over all symbols 
for f; having subscript 1. Do this for every form f;. The quotient, S, is 
a polynomial in the ratios a2/a1, 82/81, @2/a1, with coefficients which 
are marks of the field. Single out any particular ratio of the primary symbols, 
say a@2/a,, and select all terms of S which do not contain a2/a; as a factor. 
In the resulting expression, replace 82/8; by (82/81) — (a2/a1), af"/ay” by 
( a"/at") — (ae2/a,), and similarly for all symbolic ratios. The resulting 
expression, E, is clearly an invariant, since it is a polynomial in the determi- 
nantal symbols. Moreover, it is identically congruent, modulo p, to J, for it 
is simply Apo in equation (11). 
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22. Second method. It is usually easy to determine by inspection a product, 
a, of determinantal symbols in such a way that the terms of 7 which have 
the greatest excess are among the terms of J which have the greatest excess; 
and hence, by a finite number of steps, we can express J in symbolic form. 
No attempt has been made to crystallize this into a definitive, systematic 
process, though possibly this might be done. 

For example, consider ap xj + 2a; 71 2% + a2 23. Modulo 3, this has the 
formal modular invariant 


B = ay (a, — ao) (a1 + ao) + a2) + az) (a1 + a2) 
= (a1 Bz + a Bi) (a1 Bz + 2 Bi + 01 B1) (a1 Be + a2 Bi — a1 Br) 
X (— a1 Bi + a2 Bo) (a1 Be + a2 Bi + a2 Be) (a1 Be +,02 Bi — a Be ) 
= Lat — Lal + Lai fi ai 
— Lai Bi a? BE + Lai a2 B2 — Lai at 
=D (0° B)? (6° B) (mod 3). 


The terms of greatest excess in B are Ya{ 6} 83 which suggests that we use to 
“kill off” these terms > (a* 8)? (6° 8), since the only way to express af Bi 8? 
in the secondary symbols a1, a2, 81, B2, a3, a3, 8}, 83 in such a way that it 
shall be isobaric in these secondary symbols is aj 82 a} Bz 8} B2. Thus we take 
as 7, (of)? (6°B). It is then readily discovered that > (a* 6)? (6° B) 
accounts for all terms, modulo 3. 

23. Third method. The preceding method is closely related to the one 
about to be explained. Although the second method has none of that gener- 
ality which attracts the artist in pure mathematics, yet it has the advantage 
in any concrete case, while the present method is to be preferred in any general 


argument. 
Under transformation (1), J is carried into 
(15) J(a’) = DY’ J(a) (mod p) 


where this is an identical congruence in the a’s and the coefficients of the 
transformation. Moreover, it is understood that J (a’) is so written that it is 
isobaric of weight w in the secondary symbols as in Lemma VIII. Thus, if 
each a’ is replaced by its expression in terms of the a; and a,, a; and a,, etc., 
the left member of (15) is the sum of a number of terms each of which is a 
product of w linear functions of the £’s and w linear functions of the 7’s. 

Now operate on both sides of (15) with V” as given in (ii), $18. Since 
the left member is isobaric in the secondary symbols, we can apply Lemma B. 
Hence, from the left member we get a sum of a number of terms, each of which 
is a product of w determinantal symbols such as (a8), (a@?"8), (a?" a), ete. 
From the right we get (w +1)!w!J(a). Call the result equation EZ. 
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If (w +1)!w! = 0 (modulo p), then the totality of those terms on the 
right of equation E whose coefficients are not congruent to zero, modulo p, 
constitute a syzygy, modulo p. Moreover, since the right member of (15) 
is symmetric, modulo p, in the primary symbols, this syzygy must be sym- 
metric, modulo p, in these symbols and hence congruent to a function which is 
rational in the coefficients of the ground forms, f. Hence, if we know the 
necessary syzygies or use discretion, we can replace equation E by one (i) 
which is equivalent to EF and (ii) which has each coefficient congruent to 
zero, modulo p. If we now cancel p from both sides of this equation, we have 
an equation, E,, of the same type as £, but such that the multiplier on the 
right is not divisible by so high a power of p. Now treat equation E as we 
treated E above. These steps are all justified, since J is an algebraic invariant 
of certain forms. 

24. Illustrations. A fundamental system of formal modular invariants, 
modulo 3, of the binary quadratic was expressed in symbolic form in § 6. 

It is known that a fundamental set of formal modular invariants, modulo 2, 
of the cubic 


Qo + a, + 21 23 + a3 23 


= Taz = (a1 21 + + Bo X2) + Y2 


is 
K =a,+ a, A = a9 43 + a; G2, IT =ap+aoK + do, 
k = ao doo, = 82+ B(A+ K?) + (A + bo) (8 + 40K + 
where 
B = aoa, + aj, 


500 (ao + a, + do + a3) a3. 


After a little computation, it is readily seen that 


(a8) (By) (va), 

(a a) (PB) (¥ x) 


k = (ea) (8B) 


A 


Il 


But every attempt to express K as a polynomial in the determinantal symbols 
is bound to fail, since it is not possible to express K as an isobaric function of 
the secondary symbols. In fact, K is the invariant which forced the author 
to realize Theorem IV and the lemmas that lead thereto. It is easy to show 


that 
K? = (a? y¥) (8 + (a8) (By) (ve). 


Similarly, it is not possible to express g as a polynomial in determinantal 


symbols, though (by Theorem IV) a power of g is so expressible. 
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The author has also expressed some covariants of these two forms in symbolic 
form, but the amount of numerical work necessary to do this seemed to increase 
rapidly with the degree of the covariant called J in Part III. In short, the 
author would not recommend that the theory of Part III be applied in detail 
to any but the simplest concrete case, unless there should prove to be some 
powerful systematic procedure not yet discovered. 


Part V. FINITENESS THEOREMS 

25. Preliminary. In Part III, we saw that every formal modular covariant 
of a system, S, of binary forms with respect to the Galois field GF[ p"], 
of order p”, is expressible as a polynomial in a finite number of symbolic co- 
variants. Moreover, if the covariant is rational and integral, it must be such 
that when expressed in terms of these symbolic covariants it is unaltered, 
modulo p, when any two pairs of primary symbols, (a1, a2) and (8, 82), are 
interchanged. It must be carefully noted, however, that this is not equivalent 
to saying that it is symmetric in the symbolic covariants. 

Using this result, we can prove that the set of all formal modular covariants 
of S which are rational and integral possesses the finiteness property—i.e., 
they are all expressible as polynomials in a finite number of these covariants. 
The proof given below is Hilbert’s proof of the finiteness theorem for algebraic 
covariants, with only one slight modification. The theorem is proved for 
invariants of a general binary system, S, since the covariants of a system S are 
coextensive with the invariants of another system S’. 

It is readily seen that Hilbert’s beautiful proof,* when shorn of non-es- 
sentials, depends entirely on the following properties of algebraic invariants: 

I. All invariants are polynomials in a finite number of polynomials, P, in 
a certain finite set of pairs of auxiliary variables. Since these polynomials, P, 
are invariants under the group, we shall call them elemental invariants. In the 
case of algebraic invariants, these auxiliary variables are the coefficients of 
the symbolic linear factors of the forms of S and the elemental invariants are 
the determinantal symbolic invariants of type (a8). 

II. If the invariant is rational and integral, it must be such that, when 
expressed in terms of the elemental invariants, it is unaltered (with respect 
to the field of definition) when any two pairs of the auxiliary variables are 
interchanged. 

His proof uses the following theorem about diophantine equations: A system 
of any number of linear diophantine equations has only a finite number of 
simple sets of solutions, all other solutions being sums of positive multiples of 
this finite number of sets of solutions. 


* Ueber die Endlichkeit des Invariantensystems fiir bindére Grundformen, Mathema- 
tische Annalen, vol. 33 (1889), pp. 223-226. 
Trans. Am. Math. Soc. 21. 
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Now Part II proves that these two properties hold for formal modular 
invariants where the auxiliary variables are the primary symbols a; , a2, 81, B2, 
and where the elemental invariants are the finite number of symbolic 
invariants of Theorem I. Moreover, Hilbert’s proof makes no use of properties 
peculiar to a field of characteristic zero except in one place which is readily 
avoided. Thus his proof applies here. 
26. Finiteness of covariants. For convenience, let /,, J2, ---, I, be a 
fundamental set of symbolic formal modular invariants of S. Then every 
formal modular invariant of S is expressible in the form 


where the exponents, s;, are positive integers or zero and the coefficients, M;, 
are marks of the Galois field, GF [p"]. Necessary and sufficient conditions 
that J be a rational and integral function of the coefficients of the forms of S 
are that (i) when the right member of (16) is expanded, it is a function of the 
pairs (a, a), (81, Be), «++ which is symmetric, modulo p, (ii) each term 
of this expansion contains the same number of a’s as 6’s, the same number of 
B’s as y’s, ete. 

If d; (a) denotes the degree of J; in the pair (a, a2), then the last condition 
gives a set of linear diophantine equations of which two are 

d = 83, d,(a) + +8,d,(a) 

8d, (8) + 82 d,(8) + --- + 8,d,(B), 
there being one such equation for every pair of symbols. By the theory of 
linear diophantine equations, it follows that every rational integral invariant, 
I, is expressible in the form 


(18) T= Ch, 


(17) 


where each C; is a symbolic invariant of S which has the property (ii) above 
and where (iii) there is one C; corresponding to each simple set of solutions 
of the set of diophantine equations (17), and (iv) the C; are the same for all 
invariants, J, of the system S. 

Moreover, if a; is the number of the symbolic invariants which are not 
identically congruent, modulo p, and which are obtained from a particular 
C; by interchanging any two pairs of symbols, then C; satisfies an algebraic 
equation of degree o; where the coefficients of the various terms are (aside from 
sign) the elementary symmetric functions of C; and its conjugates. Since C; 
and therefore each of its conjugates has the property (ii), these coefficients, 
K;, are formal modular invariants of S which are rational and integral in the 
w’s. Hence J may be written 


(19) T = DL; (XQ; Cl Ci Cr) (0 =t; < 


az 
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where the Q’s are in the field and where the summation in the parentheses is 
symmetric, modulo p, in the pairs of symbols (a1, a2), (81, 82), ete. More- 
over, the L; are polynomials in a finite set of rational, integral formal modular 
invariants, viz., the K’s. 

Hence by referring to the sufficient conditions given above that a symbolic 
invariant be rational and integral, we have 

TueoreM VI. Let S be a system of binary forms with coefficients which are 
independent variables and let G be the total group of linear transformations on the 
variables whose coefficients are marks of the Galois field, GF |p", of order p”. 
Then all formal modular covariants of S under the group G are expressible as 
polynomials in a finite number of such covariants. 

27. Finiteness of syzygies. By using, as in classic invariant theory, 
Hilbert’s useful theorem about an infinite sequence of polynomials, we can 
show that every syzygy, S = 0, among the covariants of the system S is of 
the form 

S = >H;S;, 
where (i) the //; are formal modular covariants of S; 
(ii) the S; are polynomials in the formal modular covariants such that 
S; = 0 is a syzygy among the formal modular covariants of S; 
(iii) the S; are finite in number and are the same for all syzygies. 
Thus we have 

TueoreM VII. The syzygies among the formal modular covariants of the 

system S possess the finiteness property in the sense that all of them are con- 


sequences of a finite number of them, S; = 0, Ss = 0, ---, 8S, =0. 


Movunt Hotyoke 
Soutu Hap.tey, Mass. 


4 
> 


ON THE MEAN-VALUE THEOREM CORRESPONDING TO A GIVEN 
LINEAR HOMOGENEOUS DIFFERENTIAL EQUATION * 


G. POLYA 
I consider the linear homogeneous differential expression of order n 
If (x) =f™ (x) + (x) (2) + (a) fO™ (2) + +n (2) f(x). 


I suppose ¢; (2), (a), «++, On (x) are continuous, f (2) is differentiable 
n times, the variable x and all the functions in question are real. I then prove 
some theorems concerning the equation 


d" y 


da” 


y 


(1) Ly = + tony = 0 


which are, I believe, new, but there is one special case of them which belongs to 
the most classical part of the differential calculus. This is the case of the 
simplest equation of the form (1), that is 


_ 
da” 


Denote the Wronskian 


fila) fi? (2) 
(2) fa(z) (2) 


by W (fi (x), fe (a2), +++, fn(a)). The equation (1) possesses in certain 
intervals the 

Property W. There exist n — 1 integrals hy (x), he (a), +++, Ana (x) of 
the homogeneous equation (1) satisfying the n — 1 inequalities 


(3) hy (2) W (hy (a), he re, 
W(hy (x), he (2), (2)) > 0 


throughout the open interval (a, b). 

Determine n — 1 particular integrals of (1) by such initial conditions that 
the n — 1 Wronskians in question are = 1 for x = 2; then the inequalities 
(3) are satisfied in a sufficiently small interval surrounding the point 2. 


* Presented to the Society, October 27, 1923. 
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Equation (2) possesses the property W in the interval (— «, +  ) since 
the functions 1, 7, 2”, ---, 2" are integrals of (2) and we have 


1>0, W(1,2)=1!>0, W(1,2,22) =1!2!>0, 


The equation 
(4) y’+y=0 


is of the second order. Thus there is only one inequality (3), which is satisfied 
by the integral sin (2 — a) fora <2<a+r7. No integral of the equation 
(4) is > 0 throughout an interval (a, 6) where b— a>. Therefore the 
property HW" belongs to (4) in any interval of length = 7 but in no interval of 
length > +. Anequation y’ + dy = Oof the first order possesses the property 
W in any interval where ¢ is continuous. 

We assume now (and also in §§ 3-5) the existence of the property W. Then 
we have the following theorems I, II, III: 

TuEoreM I. Jf the function f(x), supposed differentiable n times, vanishes 
at n + 1 points of the interval (a, b), then there exists an intermediate point & 
such that 


Ef =f™ (E) + br (E) + + bn (EDF (E) = 0. 


Theorem I is a generalization of Rolle’s theorem. Apply I to the equation 
(2) putting n = 1; then we have the ordinary theorem of Rolle. 

THeorEM II. There exists one and only one integral H (x ) of the homogeneous 
equation (1) assuming n given values at n given points of the interval (a, b). 

Theorem II asserts the possibility of a certain interpolation; in the case of 
equation (2) and if the m points are distinct, it asserts the possibility of 
solving the problem which is solved explicitly by Lagrange’s formula. 

TueoreM III. Determine an integral H (x) of the homogeneous equation (1) 
assuming the same values as f(a) at n given points of (a, b); determine further 
an integral N (x) of the non-homogeneous equation 


n n—l 
(5) d" y 


+¢ny=1, 


that vanishes at the n points in question. There exists a point & intermediate 
between these n points and an arbitrary point x of (a, b) such that 


f(x) = H(x) + N(x) Lf (E). 


Take the equation (2) and m coincident points; in this particular case 
Theorem III gives Taylor’s formula with Lagrange’s remainder-term. 

In all the theorems just stated coinciding points are admissible; this will be 
fully explained in §1. §2 enumerates some useful formulas concerning 


4 
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Wronskians. The proofs of Theorems I, II, III and a few illustrative ex- 
amples are given in §§ 3-5. In §6 I try to justify the definition of property 
W by proving the converse of Theorem II. § 7 deals with a system of several 
functions of one variable and generalizes Rolle’s theorem in another manner. 

1. The function f (2) is supposed differentiable n times. We say that f (2) 
vanishes at k points coinciding with 2» if 
(6) f (xo) =f’ (to) = (ao) = 0. 
This statement has a definite meaning if k =n+1. If we say that f(z) 
vanishes at k and no more points coinciding with x», then we add to (6) the 
condition 

(20) 0, 

and we suppose k =n. If f(x) vanishes at 
(7) m1, Mo, M3, ***, My, 
points coinciding with 
(8) Day My *** 5 21 
respectively where 
then we say that f (2) vanishes at m; + m2 + --+ + m; points of the interval 
(a,b). If we say that f(x) and ¢(2) assume the same values at n points of 
(a,b) we mean that f(a) — (2) vanishes at n points of (a,b). Theorem 
II may be stated more explicitly thus: if there are given / points (8) satisfying 
(9), l positive integers (7) such that m, + m2. + --+ + m, = n, and finally 
1 systems of values 


” m,—1) 
Bax Bis ***s 
” (my—1 
Yo, Yos Yr, 
” (m,—1) 
Yrs Yrs Y's 


then there exists an integral // (x) of (1) satisfying the conditions 


m,—1) 


H(a) =, H' (a) = yi, eee, (2) = 


(10) = HT’ (x2) = ye» (2) = 


H (2x1) = Vl; H’ (2x1) = H™ (2,) ay, 
and II (x) is completely determined by these conditions. 
A point & satisfying the inequality 2, < & < 2 is said to be intermediate 
between the points (8); so far we have supposed />1. If 1 = 1, that is, if 
all the points in question coincide with one point 2;, then — = 2; is the only 


intermediate point. 


+ 
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I enumerate a few evident propositions used in what follows. The functions 
U, U1, ***, Ux are supposed continuous and differentiable as many times as 
required to calculate the expression 


d d d d 


d d 
— Uy — Uf = UE 


dx dz 


(11) 


1. If f(a) vanishes at k (and no more) points coinciding with xo, then f’ (x) 
vanishes at k — 1 (and no more) points coinciding with x. 

2. If f(x) vanishes at k points coinciding with xo, then u(x) f (x) vanishes at 
k (or more) points coinciding with ao. 

3. Suppose f(x) vanishes at k and no more points coinciding with xo, and 
suppose further that uw, U2, uz are different from zero for x = x9. Then 
the expression (11) is ¥ 0 for x = xo. 

4. Suppose f (x) vanishes at k + 1 points. Then, between these k + 1 points, 
there exists an intermediate point — at which the expression (11) vanishes. 

We obtain 4 by repeated application of Rolle’s theorem and of Theorems 
1, 2. 

2. Let ¢1, C2, +++, Cn—1 be constants; then we have 
(12) W (fi, fo, C1 fi + C2 fo + tena + fn) 

= Wf, fe, fn-1,fn)- 


Suppose the function w is differentiable n — 1 times; then we have 
W (ufi, ufo, +++, Ufn) = (fi, fo, fn)- 


In particular put vu = 1/f;; we obtain 


(13) w| (2): (2) ] 


For the derivative of a Wronskian we have 
(14) Ww’ (fi, fe, ode) {34 | ent, 2, ne 


Using (14) we obtain by the usual formula for a minor of the adjoint de- 
terminant 
W (fi, tans) Ww’ (fi, 
W" (fr, Sana» ta-1) W (fr, Sa) 
ad W (fi » >in) 
dx W (fi fn—2 ) 


(15) 
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If hy (2), ho (x), +++, hn (x) are n linearly independent integrals of (1), we 
have 
W (hy ho, hn, y) 
1¢ L = : : 
(17) With. &, ce 
where ¢c is a constant. Put 
y = Yo, Wh, y) Yi, 
Whi, he,y) = Yo, W (hi, ho, hn, y) = Yu, 
1= Wo, h, = W,, 
W (hi, he) = We, soe, W (hy, he, hn) = W,. 
Applying (15) we obtain 
dW, W? dx Ws Ww? ’ W, Ww? 


Combining these formulas with (16) we find finally 


d Wi d Wi dy 


(1S = — 


(18) is the usual decomposition of a linear homogeneous differential expression 
into a “product” of differential expressions of the first order. The proof here 
given is perhaps more direct than the usual.* 

3. The property implies the non-vanishing of W2, --- , appear- 
ing in formula (18). W, vanishes nowhere, by virtue of (17). Applying 
Theorem 4 of § 1 to the decomposition (18) we get at once Theorem I. 

Apply now Theorem I to f (2) — H (2x) instead of f(a), where H (x) is an 
integral of the homogeneous equation (1). Then LH (2x) = 0 and we obtain 
the corollary 

TueoreM Ix. If the function f (x), supposed differentiable n times, assumes 
at n + 1 points of the interval (a, b) the same values as an integral of the homo- 
geneous equation (1), there exists an intermediate point & such that 

=f™ (E) + oi (ENF? (E) + +n (ENF (E) =O. 
Theorem Ix was incidentally remarked by H. Poincaréf in the case of an 
equation of the second order where the property W’ is particularly simple, 
including only one inequality. Poincaré’s proof is very different from the 
proof given here and more complicated. I obtained the results presented in 


* Cf. L. Schlesinger, Handbuch der Theorie der linearen Differentialgleichungen, vol. I, p. 52, 
formula (14). 

+L’Intermédiaire des Mathématiciens, vol. 1 (1894), pp. 141-144 and 
also pp. 69, 127, 172, 216. 
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this paper in clearing up and working out the original remark made by Poincaré. 
Another corollary to Theorem I is the following 
THEOREM Ix. No integral N(x) of the non-homogeneous equation (5) 
vanishes at more than n points of the interval (a,b). 
Suppose, if possible, that NV (2) vanishes at n + 1 points; then we have 
by Theorem I 
LN(é) =0 


at an intermediate point £; now, actually, LN (¢) = 1 and thus Theorem Ix x 
is proved. 
4. The general integral of (1) has the form 


H (ax) = ey hy + he + (x), 


where are constants. The conditions (10) form a system of n 
linear non-homogeneous equations with the aid of which we have to determine 
Ci, C2, ***, €n. We have to prove that this system is neither incompatible 


nor indeterminate. Thus we have to prove that the only solution of the 
homogeneous system obtained from (10) by putting 


(m—1) __ 
= 0) 


is the identically vanishing solution. 

Suppose, if possible, that there is a solution of the homogeneous system (10) 
(19) which does not vanish identically; denote it by 


H (a) = yihi (xv) he Hee he Hn (2) 


where 
#0, Tia = °°" = 0. 
Then A, (x) assumes at n= (k—1)+1 points the same values as an 
integral of the equation 
W(hi, he, y) 
= (0) 
(hi, he, hy-1) 
of order k — 1. Then there exists, by virtue of I*, an intermediate point £ 
at which 
W (hy (E), he (CE), +++, (E), (E)) = 0. 
This last equation is excluded if we assume the existence of the property W 
and thus Theorem II is proved. 


Example. Assume that the algebraic equation 


+e, =0 


has n different real roots a;, @2, Where 


(20) a, < < Ag 


— 
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Then the linear homogeneous equation with constant coefficients 
y™ + ye + Co + + Cay = 0 

has the integrals 


and possesses the property W in the interval (— «, + «) since the Wron- 
skians 

divided by 


¢ : 2 


respectively reduce to positive constants which may be calculated by Vander- 
monde’s formula. Therefore we can interpolate by a suitably chosen linear 
combination of the n integrals (21) n arbitrary values at the n points 2,, 22, 
+++, a, Where 


This fact is equivalent to the statement that 


see ett | 
| 
ore 
(23) ~ 0 


Thus we have proved (23) as a particular case of Theorem II. It may be 
shown directly in a slightly different manner that the determinant (23) is 
> 0 if (20) (22) are satisfied. I add that the property W belongs to any 
equation whatever with constant coefficients in the interval (— ~, + ~) 
if the roots of the corresponding algebraic equation are all real, whether distinct 
or not. We get a simple proof of this from (17). 

Any integral V (x) of the non-homogeneous equation (5) is of the form 


N(x) = No(a) + H(2). 


Here No (2x) is a particular integral of the non-homogeneous equation (5) 
and H (2) is the general integral of the homogeneous equation (1); H (x) 
contains n arbitrary constants which we can adapt to any conditions of the 
form (10), by virtue of Theorem II. Thus we obtain the corollary 

THEOREM IIx. There exists one and only one integral N(x) of the non- 
homogeneous equation (5) assuming n given values at n given points of the interval 
(a,b). 

‘5. Inow prove Theorem III. The possibility of determining H (x) accord- 
ing to the enunciated conditions follows from Theorem II and the possibility 


; 
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of determining NV (.) follows from IIx. Let 29 be a point of (a, 6) but not 
one of the n points mentioned at which f(2) — H(2) and N(x) vanish. 
Then we have, by Theorem Ixx, N (ao) #0. Therefore it is possible to 
find a constant C satisfying the equation 


(24) = + CN (20). 


Thus the function 


f(z) — — CN(z) 


vanishes at n + 1 points of (a, b). There exists, by Theorem I, an inter- 
mediate point £ at which 


L(f(é) H(&) — CN (&)) = Lf(é) —0 -—C-1 =0, 
C = If(é). 


Substituting this value in (24) we have Theorem III.* 
I will now give some concrete cases of Theorem III with immediate appli- 


that is, 


cations. 

Example 1. Let a be the point at which we interpolate the differentiable 
function f (2) by an integral of the equation 

y +y=0. 
Adopting the notation of Theorem III we have 
H(x) = N(z) =1 

and consequently for x > x1 
(25) f(z) = + (1 — (F(E) + f'(E)) 
where x; < & <2. From (25) we get at once the proposition ¢ 

Suppose f (x) differentiable for x > 0; then 

lim (f(x) + f’(z)) =e 
I—>+0 

implies lim f(x) =. 

We may assume c = 0 (and apply the proof tof (2) — c instead of to f(2)). 
Choose first 2; sufficiently great so that | f(a) + f’(x)| < €/2 for 2 > 2; 
then choose x2, v2 > 21, such that | f(a.) < €/2. Finally we get by 


(25) for x > ae 


* The particular case corresponding to (2) was given by Ch. Hermite for points coinciding 
in an arbitrary manner. See (2wvres, vol. III, pp. 432-443, and T. J. Stieltjes, @uvres, vol. I, 
pp. 47-60. For amore general point of view see G. D. Birkhoff, these Transactions, 
vol. 7 (1906), pp. 107-136. 

1G. H. Hardy, Quarterly Journal of Mathematics, vol. 35 (1903), pp. 
31-33. The proof given by O. Perron, Mathematische Zeitschrift, vol. 6 
(1920), p. 159, supposes more than the derivability of f(x). 


| 
| 
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By the same argument we may prove an analogous result for any equation 
with constant coefficients if the roots of the corresponding algebraic equation 
are real and negative.* 

Example 2. In dealing with the equation 


(4) +y=0 


we may choose for (a, 6) any interval of length . The two points at which 
we interpolate may be different or not. Interpolating at two distinct points 
21, %2, where 


(26) < < 41+ 
we find the formula 


f (a1) sin (a — x) +f (22) sin 


sin ( Xe —_ 21) 


(27 ) cos ( le t1 + 2 ) 
9 
1 


f(x) = 


+ f(€)) 


Yo — 


cos — 
valid for x. — 7 <2 <2, +7; & is an interior point of the least interval 
containing 21, #2, 2. Interpolating at two points coinciding with x; we find 
f(x) =f(a1) cos (x — 21) + f’ (21) sin (x — 21) 

+ (1 — cos (x — 11))(f” (€) + f(E)) 


valid for 7} — < <2, + 7; é lies between 2; and x. We see that restric- 


(28) 


tion (26) is essential for the validity of (27), x2 = x; + m being generally in- 
admissible; this point will be cleared up by Theorem IV. 
In order to give an application suppose f (2) is an integral of the equation 


(29) y’ +o(2)y = 9, 
where 
(30) >1; 


suppose further that f(21) > 0. We have by (29) 
(€) + f(E) = — (6(E) — 1)F (8); 


thus we may put (28) in the form 


(31) =A sin (x — a) — (1 — cos (2 — — 1) f 


*QO. Perron, Mathematische Zeitschrift, vol. 6 (1920), pp. 161-163. 


i 
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where 
(32) A sin (a; a) = f(a) >0, A cos (4%; — a) = f' (a1). 


The situation shown by (30) (31) (32) is this: the curve A sin (2 — a) 
meets the curve f(a) at the point 21, see (32); the curve 4 sin (x2 — a) runs 
on the upper side of the curve f (2) as far as f (x) runs on the upper side of the 
x-axis, see (31) (30); but the curve 4 sin (2 — a) cuts the z-axis at two points 
between which 2; lies and whose distance apart is 7; hence f (2) reaches the 
x-axis necessarily before A sin (x — a) cuts it and we have the theorem 

The distance between two consecutive zeros of any integral of the equation (29) 
satisfying the condition (30) is < 7. 

This is a particular case of a well known classical theorem given by Sturm* 
that can be proved generally by the argument I have used in the foregoing 
concrete case. 

Any integral f(x) of the equation (29) has the following property: the 
inequality 


(33) f(x) >0 
implies 
(34) f" (24) + f(x) <0. 
Consider the curve of which the equation is 
1 
(35) r= = 


in a system of polar coérdinates r, # with origin 0. The inequality (34) 
expresses that the curve (35) appears from O to be convex, as we may see, €.g., 
by (27). The result just proved may be formulated geometrically as follows: 

A curve appearing from a given point O to be everywhere convex subtends an 
angle < ratO. 

H. Poincaré was led to the remark above mentioned (§ 3) by constructing 
an analytical demonstration of this geometrically evident fact. 

6. The converse of Theorem II is also true: if the interpolation of any n 
values by an integral of (1) is possible at any n points of an interval, then the 
equation (1) possesses the property W in that interval. The possibility of 
interpolation, that is, the existence of a solution of the non-homogeneous 
system (10) with arbitrary yi, 
of a non-vanishing solution of the corresponding homogeneous system; we 


, is equivalent to the non-existence 


used this equivalence in § 4. Thus the most simple form of the converse to 
Theorem II is the following: 


* Cf. Maxime Bécher, M éthodes de Sturm, Paris, 1917, p. 52. 
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TueoreM IV. If, except the identically vanishing integral, there exists no 
integral of equation (1) vanishing at n points of the interval a = x < b, then there 
exist n — 1 integrals hy (x), he (x), +++, Ana (x) such that the Wronskians 
(36) hy (a), Why (2), ho (x)), he (2), +++, 
vanish nowhere in the interval a < x <b. 

The signs of the Wronskians are of no importance provided that they are 
constant. If the Wronskians (36) do not vanish we can make them positive 
by substituting — h, (a) for h, (x) for certain values of rv. 

Determine n integrals hy (2), ho (a), +++, An (a) satisfying the initial 
conditions 


hy (a) = hy (a) = (a) = --- = (a) = (a) = O,7 
he» (a) = 1, 
(37) he (a) = hi (a) = (a) = = (a) = 0, (a) = 1, 
= (a) = 0, (a) =1, 
=0, =1, 
h,(a) =1. 
These integrals are linearly independent because their Wronskian = + i 


for x = a; h, (x) vanishes at n — 1 points coinciding with a; by hypothesis 
there exists no nth point in the interval a = x < 6 at which h; (x) vanishes; 


therefore h, (x) # 0 fora <2<b. Adopt the notation 
W (hi, he, +++, he) = 
that we used in § 2 and suppose that we have already proved 
(38) W,+0, ---, 
fora<a<b,k <n. 
Let ¢1, C2, be constants and put 


hy + he + hy + = h(x). 


h(x) does not vanish identically, and therefore it vanishes at no more than 
n — 1 points contained in the interval a= x <b. Now h(x) vanishes at 
n —k— 1 points coinciding with a by virtue of the conditions (37). De- 
termine the constants ¢,, ¢2, «++, ¢, in such a manner that h(2) vanishes at 
k points coinciding with a» where a < 2» < b; this is possible because the 
determinant of the k equations in question 


W (hy (20), he (20), +++, he #0, 


by the hypothesis of complete induction, that is, by (38). Beyond the 


(n—-k-—-1)+k=n-1 
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zeros already mentioned, h (2) has no other zeros fora = x <b. Inparticular 
h(x) vanishes at no more than k points coinciding with x». Consequently, by 
virtue of hypothesis (38) and of the Theorem 3 of § 1, 
Wid Wi, d d Wy dh 
dzW, Wo We dx W, 

= W(h, ho, --+, he, hh) = Why, ho, he, = Wass 


(39) 


does not vanish for x = x9; we obtain (39) from (15) (12) in the same manner 
as we obtained (18). The point x9 was arbitrarily chosen in the interval 
a <x < band thus Theorem IV is proved. 

7. Another demonstration of the Theorems I, II, III essentially different 
from that given in §§ 1-5 is based on the following theorem, 

THEOREM V. Suppose all the functions (x), he (x), «++, (a), f(x) 
possess derivatives of order n throughout the interval a < x < b and satisfy the 
following n inequalities: 


h, (x) > 0, W (hi (2), ho > O, 
W (hy (2), he (2), +++, hn > 0. 


Suppose also that the | points x1, x2, ++ , 2, and the corresponding positive integers 
M1, M2, ***, m, satisfy the conditions 


Consider the determinant of order n + 1 


[he (a1), We (ar), (21), he (a2), (a2), 


(40) 


the n first rows being obtained by putting successively k = 1, 2,3, +--+, n and 
the last row by substituting f (x) for h, (x). 

There exists an intermediate point &, 2, < & < a1, such that the value assumed 
by the Wronskian at the point £, that is, 


W (hi (E), he (E), ha f(&)), 


is >, = or <0, according as the determinant (40) is >, = or <0. 

Theorem V may be compared to a well known determinantal theorem of 
H. A. Schwarz.* Theorem V may be proved by complete induction; its 
validity for the (n — 1) + 1 functions 


*H. A. Schwarz, Abhandlungen, vol. I, pp. 296-302; T. J. Stieltjes, @uvres, vol. I, pp. 
110-123. The determinant (40) has been considered by H. M. Morse, G. A. Pfeiffer, and 
G. M. Green from a different point of view; see Bulletin of the American Mathe- 
matical Society, vol. 23 (1916), pp. 114-122. 
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implies its validity for the n + 1 functions hy (2), he +++, hn (2), f (2), 
as may be shown by (13) and by Rolle’s theorem. I had originally based my 
demonstration of Theorems I, II, II] on Theorem V. I was led to the treat- 
ment of the subject I finally adopted by a kind remark made by Professor H. 
Weyl. 
Finc. TecuHNiscHe Hocuscuvte, 
ZuRIcH, SWITZERLAND. 
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J. F. Rirr, On algebraic functions which can be expressed in terms of radicals. 
Page 21, lines 30 and 33, for “n?”’ read “n”’. 


